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AbstractÐTo realize the full potential of cloud-edge speculative
decoding for Large Language Models (LLMs), it is essential
to incentivize participation from user-owned edge devices. This
paper presents a thorough mathematical and algorithmic study of
this emerging setting, proposing an auction-based framework to
minimize social cost that captures speculative decoding overhead,
prompt dispatching latency, and bidding expenses. The resulting
optimization problem involves combinatorial decisions, long-term
constraints, and NP-hard complexity, while requiring economic
guarantees. We design a novel online mechanism that integrates
multiple polynomial-time sub-algorithms: a linearization-based
prompt dispatcher, an online fractional algorithm with random-
ized rounding for winning-bid and draft-length selection, and
a Myerson-based payment scheme. Our approach is rigorously
proven to achieve sub-linear regret and constraint violation
while ensuring truthfulness and individual rationality. Extensive
evaluations on our NVIDIA-based testbed with real-world traces
exhibit that our approach reduces the social cost substantially by
30%∼60% compared to state-of-the-art and heuristic methods.

I. INTRODUCTION

Cloud-edge speculative decoding has emerged as a promis-

ing paradigm [1] to accelerate Large Language Model (LLM)

inference. In this setup, a powerful cloud-based target LLM is

paired with smaller, faster draft LLMs [2] hosted on distributed

edge devices. These edge models generate speculative token

sequences that are then verified in parallel by the cloud model,

reducing the sequential computational burden on the cloud [3],

[4] and cutting inference latency without compromising gen-

eration qualityÐsince the cloud model still governs the final

output. Leveraging distributed edge resources also enhances

scalability and allows for robust LLM inference services [5].

Existing edge computing platforms, e.g., Multi-access Edge

Computing servers [6]±[8], provide a stable foundation, but

they often offer limited, geographically-constrained capacity

and are typically provisioned through static pay-as-you-go

models [9] that lack the agility to adapt to highly variable LLM

inference demand. Meanwhile, the vast computational capacity

of third-party user-owned devices (e.g., desktops, tablets, and

smart routers) can provide the necessary scale and proximity

to end users [10], but introduce dynamic availability and het-

erogeneous performance, contingent on user participation. A

unified market mechanism is thus desirable to dynamically and

efficiently integrate dedicated infrastructure and opportunistic

consumer devices into a single responsive resource pool.
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Fig. 1: Auction-Based Cloud-Edge Speculative Decoding

To address this need, we propose an auction-based frame-

work. As shown in Fig. 1, edge devices including edge servers

can act as the bidders and submit bids specifying desired

compensation for draft generation, and the cloud can act as

the auctioneer and select winning bids to minimize the social

cost for the entire system. This enables the system to adapt to

fluctuating supply and demand, recruit the most cost-effective

edge resources with reasonable compensation [11], and realize

performance-aware economically-sustainable cloud-edge LLM

inference. However, designing such an auction mechanism is

a non-trivial task, facing unique and fundamental challenges.

First, this mechanism inevitably entangles the complicated

orchestration of distributed LLM speculative decoding in the

edge resource procurement. The speculative decoding latency

is a non-linear function of the draft length [12] which needs

to be decided to strike the following balance: a long draft may

cause waste of computation at the edge, while a short draft

could lead to frequent interactions with the cloud, incurring

excessive communication overhead [4]; some user prompts

may not use speculative decoding at all but switch to standard

cloud-only LLM inference due to varying network conditions.

Also, due to the heterogeneity of each edge device in terms of

location and capability, it is critical to dispatch user prompts to

edge devices without disproportionate delay or straggler effect.

This entails min-max optimization [13] subject to available

resources from the auction. Both draft length selection and

user prompt dispatching are thus difficult to solve due to the

nonsmooth and discrete nature of the problem.

Second, as the system operates continuously [1], [14], this

mechanism needs to manage auctions with the conflicting ob-

jectives of single-auction economic robustness and long-term



participant retention. For each individual auction, the guaran-

tees of truthfulness and individual rationality [11] are often

desired but are already hard to attain in our circumstance. The

former ensures no motivation for each bid to lie about its true

cost, and the latter ensures no loss for each bid. Despite the

standard Vickrey-Clarke-Groves (VCG) [15] can achieve both,

it necessitates finding the exact optimum of the underlying

problem; yet, our case is intractable (as elaborated later), and

speculative decoding even makes fractional VCG inapplicable

[16]. Across auctions, ensuring long-term participation could

require guaranteeing a minimum cumulative win rate. This

inter-temporal constraint contradicts the per-auction winning-

bid selection and payment design that underpins truthfulness

and individual rationality, since any rule favoring past losers

may distort incentives and open avenues for manipulation.

Unfortunately, prior research exhibits substantial limitations

and fails to address the above challenges. Many of those on

cloud-edge LLM serving optimization [17]±[22] rarely study

speculative decoding. Those on LLM speculative decoding in

particular [3]±[5], [12], [23], [24] do not typically address all

elements targeted in this work: the uncertain cloud-edge envi-

ronment, the dynamic online optimization, and the incentive

mechanisms. Meanwhile, the vast majority of LLM auction

research [25]±[29] applies LLMs to various auction settings,

rather than incorporating auctions into LLM system design.

See Section VI for detailed discussions on related work.

This paper presents the first investigation into auction-driven

orchestration for cloud-edge LLM inference using speculative

decoding. We introduce a rigorous mathematical framework

with novel algorithms, supported by theoretical analysis and

empirical validation. Our contributions are fourfold.

Model: We formulate a long-term social cost optimization

problem to capture a series of auctions over time by minimiz-

ing the speculative-decoding computation and communication

delay between the edge devices and the cloud, the prompt

dispatching delay to the edge devices, and the bidding cost of

all bids. Our models embed all the aforementioned challenges,

making almost no assumption on the input heterogeneity and

dynamics, and pursue the dynamic control of winner selection,

prompt dispatching, draft configuration, and payment alloca-

tion. Our problem turns out to be a non-linear integer program,

for which we prove the NP-hardness.

Algorithm: We design a comprehensive polynomial-time

online mechanism that coordinates four distinct sub-algorithms

to jointly solve our proposed problem: (i) We attack the lexi-

cographic min-max optimization [30] of prompt dispatching in

each time slot via separable convex functions and linearization

[13], where we further use total unimodularity to seek integer

dispatching decisions by standard linear optimization solvers;

(ii) Given dispatching decisions, we utilize online learning to

handle long-term constraints by alternate primal-dual updates

that can be conducted as time progresses, obtaining fractional

decisions for winning-bid selection and draft length selection;

(iii) We devise a resource-aware randomized rounding strategy

to convert such fractional decisions into integers, jointly ad-

dressing the combinatorial explosion of the solution space; (iv)

TABLE I: Notations

Inputs Meaning

Bj Resource capacity of edge j
r Resource requirement per token generation at edge
ϕj Minimum winning count for edge (bid) j over time
Ki Total tokens to generate for prompt i
α Acceptance rate for verification in cloud

Γ
edge
j

Time for draft LLM on edge j to generate a single token

β
up
j,t

Upload delay per token from edge j to cloud at t

T cloud Cloud target LLM forward pass time

βdown
j,t

Download delay per token from cloud to edge j at t

di,j,t Communication cost for dispatching prompt i to edge j
γmax Maximum allowed draft length
bj,t Bidding price for bid j at t

Decisions Meaning

xj,t Whether edge (bid) j is selected at t
yi,j,t Whether prompt i is assigned to edge j for processing at t
γj,t Draft length for prompts at edge j at t
pj,t Payment to edge j at t

Based on our randomization process, we apply an equivalent

variant of the Myerson’s Lemma [31] to calculate the payment

for each winner to attain economic guarantees in expectation.

Analysis: We conduct formal performance analysis for our

algorithms. First, we analyze the performance of each of our

sub-algorithms from different angles, and based on those we

prove that our entire approach leads to sub-linear regret, i.e.,

the time-averaged social cost asymptotically converges to the

series of single-time-slot optimums in hindsight, and sub-linear

fit, i.e., the time-averaged cumulative constraint violation van-

ishes as time elapses. Next, we focus on economic properties

and prove that each of our auctions attains truthfulness and

individual rationality in expectation by satisfying the desired

necessary and sufficient conditions for randomized auctions.

Experiment: We implement a prototype testbed using

NVIDIA GeForce RTX and Jetson platforms, various LLMs

(e.g., Qwen and Llama series), and an existing speculative

decoding framework [2]. We collect the inputs to our ex-

periments through testbed profiling [32] and real-world data

sources such as LLM chats [33], target models’ acceptance

rates [24], [34], draft models’ maximum draft lengths [34],

electricity prices [35], network latency [36], [37], and so

on. Our results demonstrate that our proposed mechanism (i)

reduces social cost by more than 30% compared to state-of-

the-arts [4], [12] and up to about 60% compared to heuristics,

(ii) adapts well in system environments of varying network

conditions and LLM configurations, with consistent, scalable,

and robust cost advantages, and (iii) accomplishes the desired

economic guarantees in each auction in practice.

II. MODELING AND FORMULATION

A. System Modeling

Our notations are summarized in Table I.

Cloud-Edge LLM Speculative Decoding: We consider a

cloud Large Language Model (LLM) inference service that op-

erates over a series of time slots, denoted as T = {1, . . . , T}.
In each time slot t ∈ T , the end users submit a group

of prompts, denoted as It, for processing. The cloud LLM



inference service uses the auctions, as stated next, to recruit

edge devices from an edge device set J = {1, . . . , J} and

conducts the cloud-edge speculative decoding [1], [24], [34]

to generate response for each prompt. In the time slot t, for the

prompt i ∈ It, suppose the cloud uses the edge device j ∈ J
to process it; the cloud-edge speculative decoding consists of

multiple iterations, with each iteration described as follows.

The edge device j uses its deployed draft LLM to generate

a sequence of γj,t draft tokens auto-regressively, denoted as

[τ̂1, . . . , τ̂γj,t
], with the corresponding sequence of probabil-

ities q(γj,t) = [q1, . . . , qγj,t
], and sends these to the cloud.

Upon receipt, the cloud uses its target LLM to perform a

single parallel forward pass over the γj,t tokens and produce

its own probabilities ρ(γj,t) = [ρ1, . . . , ργj,t
], which often

incurs a fixed verification time due to parallelization. The

cloud afterwards conducts a sequential acceptance test, which

only accepts a token if the corresponding probability in ρ(γj,t)
is no less than that in q(γj,t), until the first rejection occurs or

until all draft tokens are accepted. In that position, the cloud

adopts or appends a new token from the target LLM. The cloud

further sends all accepted tokens with the one new token to

the edge device j to initiate the next iteration.
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Fig. 2: Cloud-Edge Speculative Decoding

We provide an indicative illustration of one cloud-edge

speculative-decoding iteration as in Fig. 2. The existing tokens

the edge device has is ªThe sky isº, e.g., from the result

of the last iteration, and the draft length is set to 3.

➊ Draft Generation: The edge draft LLM generates the

draft tokens auto-regressively, e.g., ["so", "clear",

"today"], and their probabilities, e.g., [50%, 70%,

60%].

➋ Data Transmission: The edge device transfers both the

draft tokens and the probabilities to the cloud.

➌ Parallel Verification: The cloud target LLM executes a

single parallel forward pass, generating the corresponding

probabilities, e.g., [85%, 75%, 40%] for ["so",

"clear", "today"].

➍ Token Acceptance Check: The cloud compares [85%,

75%, 40%] to [50%, 70%, 60%] sequentially until

the first rejection or the end. A draft token is accepted

only if the corresponding probability in the former is no

less than that in the latter.

➎ Resampling upon Rejection: In the position of rejection,

or the position after the last draft token (if all draft tokens

are accepted), the target LLM’s distribution is used to

resample a corrected token. In this specific example, after

accepting "so" and "clear", the token "today" is

rejected and resampled as ".".

➏ Feedback Loop: The sequence of the accepted tokens

with the one corrected token, i.e., ["so", "clear",

"."], is transferred to the edge device. ªThe sky isº

is updated to ªThe sky is so clear.º, enabling

the next iteration to start.

Now, consider the computation and communication delay of

generating the response to the user prompt i via cloud-edge

speculative decoding using the edge device j at the time slot

t. We use Ki to denote the number of the output tokens in

the response. We also use α to denote the token acceptance

rate of the cloud target LLM, and thus the expected number

of tokens returned from the cloud in a single speculative-

decoding iteration is 1−α
γj,t+1

1−α
[34], where γj,t is draft length

per iteration set for the draft LLM deployed on the edge device

j. The expected number of iterations to generate Ki tokens

is Ki ·
1−α

1−α
γj,t+1 . Each iteration consists of edge-side draft

generation, uplink transmission, cloud-side verification, and

downlink transmission. That is,

Γi,j,t ≜ Ki
1−α

1−α
γj,t+1 [Γ

edge
j γj,t + βup

j,tγj,t

+ T cloud + βdown
j,t

1−α
γj,t+1

1−α
],

where Γedge
j is the generation time per token; T cloud is the

one-pass cloud verification time; and βup
j,t and βdown

j,t denote the

uplink communication delay and the downlink communication

delay per token, respectively.

Edge Device Auctions: The cloud LLM inference service

acts as the auctioneer, and the edge devices act as the bidders.

At each time slot t, the auctioneer conducts one auction: (i) Bid

collection: Each edge device j submits a bid {bj,t, Bj ,Γ
edge
j },

where bj,t is the bidding price, i.e., the amount of money this

edge device wants to charge, for draft generation; Bj repre-

sents the resource capacity; and Γedge
j denotes the per-token

generation latency. (ii) Winner selection: Upon collecting all

bids bt ≜ {b1,t, . . . , bJ,t}, the cloud LLM service decides the

winning bids by solving a social cost minimization problem, as

stated next. (iii) Prompt dispatching and execution: The cloud

LLM service dispatches user prompts to the corresponding

edge devices according to the winning bids, and conducts

speculative decoding to generate the response to each user

prompt. (iv) Payment calculation: The cloud LLM service

computes the payment pj,t (which is not necessarily equal to

bj,t) for each winning bid j and delivers this payment to the



corresponding edge device. As in standard auction settings, a

bid is a commitment, i.e., the edge device is committed to

contributing its resource if selected as a winner.

Control Decisions: At each time slot t, the cloud LLM

inference service makes the following control decisions in real

time: xj,t ∈ {1, 0} indicates whether or not the bid from the

edge device j is selected as a winning bid for the auction at

t; yi,j,t ∈ {1, 0} represents whether or not the user prompt

i is assigned to the edge device j for processing at t; γj,t ∈
{0, 1, 2, . . . , γmax} specifies the number of the draft tokens to

generate per speculative-decoding iteration by the edge device

j’s draft LLM at t, where 0 denotes no speculative decoding

(i.e., no user prompts are sent to this device) and γmax denotes

a practical upper bound for the draft length [1], [34]; pj,t ≥ 0
represents the payment paid to the bidder j at t.

Cost of Auctioneer: The cost of the auctioneer consists

of three components: (i) the total speculative decoding la-

tency, i.e.,
∑

t∈T

∑
j∈J

∑
i∈It

yi,j,tΓi,j,t; (ii) the maximum

prompt dispatching latency that needs to be minimized, i.e.,

maxi∈It,j∈J yi,j,tdi,j,t, where di,j,t is the latency for dis-

patching the prompt i to the edge device j at the time slot

t; (iii) the total payment made by the auctioneer and paid to

the winning bidders, i.e.,
∑

t∈T

∑
j∈J xj,tpj,t.

Cost of Bidders: The cost of the bidders has two com-

ponents: (i) the total bidding cost, i.e.,
∑

t∈T

∑
j∈J xj,tbj,t;

(ii) the total payment received from the auctioneer, treated as

negative cost, i.e., −
∑

t∈T

∑
j∈J xj,tpj,t.

B. Social Cost Minimization Problem

Problem Formulation: The social cost refers to the total

cost incurred in the entire system, i.e., the sum of the auc-

tioneer’s cost and the bidders’ cost. Based on our models, we

formulate the social cost minimization problem P:

min
∑
t∈T

{
∑
j∈J

{
∑
i∈It

yi,j,tΓi,j,t+xj,tbj,t}+ max
i∈It,j∈J

yi,j,tdi,j,t}

C1 :
∑

i∈It
yi,j,tKi

1−α

1−α
γj,t+1 γj,tr ≤ Bjxj,t, ∀j ∈ J , t ∈ T ,

C2 :
∑

t∈T xj,t ≥ φj , ∀j ∈ J ,

C3 :
∑

j∈J yi,j,t = 1, ∀i ∈ It, t ∈ T ,

C4 :γj,t ≤ γmax min{
∑

i∈It
yi,j,t, 1}, ∀j ∈ J , t ∈ T ,

var. xj,t ∈ {0, 1}, yi,j,t ∈ {0, 1}, γj,t ∈ {0, 1, 2, . . . , γmax},

∀i ∈ It, j ∈ J , t ∈ T .

The objective function captures the social cost. Constraint C1

enforces the edge capacity, where r is the resource overhead

per draft token generation and Bj is the resource capacity

of the edge device j. Constraint C2 ensures that each edge

device wins for at least φj times cumulatively across all

auctions, encouraging long-term participation [38]. Constraint

C3 ensures that every prompt is dispatched. Constraint C4

ensures that an edge device is used when there is at least one

prompt dispatched to this edge device.

Note that the payments are automatically canceled in the so-

cial cost, which is not uncommon in auction-related research,

but the payments still need to be decided. Also, each term in

the objective function can be associated with a weight, which

is not displayed in the above for brevity but can be set and

controlled by the auctioneer based on its own needs to navigate

the optimization trade-offs among the different terms.

Problem Challenges: First, minimizing maxi,j yi,j,tdi,j,t
over discrete yi,j,t confronts a combinatorial solution space,

and the Γi,j,t function of discrete γj,t is nonlinear and non-

convex. Second, Constraint C2 couples xj,t over time, making

it difficult to minimize
∑

t xj,tbj,t by deciding xj,t at the time

slot t on the fly, given that all future bj,t are unknown. Third,

our problem is intractable even if we consider only one time

slot and neglect the above two aspects, not to mention that we

aim to solve the long-term problem in an online manner.

Theorem 1. The problem P is NP-hard, due to reduction

from the bin packing problem.

Proof. Consider T = 1 and thus remove the subscript t from

all notations. We set the following special values to the inputs:

bj = 1, ∀j; Bj = B, ∀j; r = 1+α; di,j = 0, ∀i, ∀j; φj = 0,

∀j. We also set γmax = 1, and Γedge
j = βup

j = βdown
j = 0, ∀j.

We have Γi,j = KiT
cloud if γj = 0, and Γi,j = Ki

T cloud

1+α
if

γj = 1. We now consider the bin packing setting, where the

set I represents the items and the set J represents the bins.

Regarding P’s Constraints: With γj = 1, C1 changes

to
∑

i yi,jKi ≤ Bxj , which is the standard bin capacity

constraint; with γj = 0, C1 changes to 0 ≤ Bxj , which always

holds. C2 always holds. C3 is the standard item assignment

constraint in the bin packing problem. For C4, we can set

γj = 0 if
∑

i yi,j = 0, and set γj = 1 if
∑

i yi,j ≥ 1.

Regarding P’s Objective: We show that we can set T cloud

appropriately, so that for any bin j that is open, we always have

γj = 1, rather than γj = 0, in P’s optimum. To that end, we

consider any j, where
∑

i yi,j ≥ 1. Now, if we choose γj = 0,

the objective with respect to j becomes
∑

i yi,jKiT
cloud; if we

choose γj = 1, it becomes 1 +
∑

i yi,jKi
T cloud

1+α
. Our goal is

to ensure
∑

i yi,jKiT
cloud > 1 +

∑
i yi,jKi

T cloud

1+α
. Solving this

inequality, we have T cloud > 1+α
αmini Ki

. That is, we can just

set T cloud accordingly, so that P becomes bin packing.

Fourth, with all aforementioned complexities, we still need to

decide the payments to satisfy the desired economic guarantees

as stated later, going beyond standard auction settings.

III. MECHANISM DESIGN

To solve P , we design an online algorithmic framework,

i.e., Algorithm 0, which dynamically invokes multiple other

algorithms at each time slot: Algorithm 1 decides the prompt

dispatching; Algorithm 2, which further invokes Algorithm 3,

selects the winning bids for the auction and the draft length

for each corresponding edge device; Algorithm 4 calculates

the payment for each winning bid. Each of these algorithms

focuses on only part of the problem, and they work jointly to

address all the control decisions for each time slot.

A. Algorithm 1: Dispatching Prompts

For each time slot t, we extract problem Pt,1 from P as



Algorithm 0 Online Edge Speculative Decoding (OESD)

for t = 1, 2, ..., T do

Invoke Alg. 1 to decide prompt dispatching;

Invoke Alg. 2∼3 to select winning bids and draft lengths;

Conduct cloud-edge LLM speculative decoding;

Invoke Alg. 4 to calculate payment;

end for

Algorithm 1 Prompt Dispatching Algorithm, ∀t

1: Extract Pt,1 from P , and transform Pt,1 to PLP
t,1 ;

2: Get ȳt by solving PLP
t,1 via a linear program solver [39];

3: return ȳt;

min Pt,1 ≜ maxi∈It,j∈J yi,j,tdi,j,t

s.t.
∑

i∈It
yi,j,t ≤

Bj

Kmax·γmax·r
, ∀j ∈ J , (1)

∑
j∈J yi,j,t = 1, ∀i ∈ It, (2)

var. yi,j,t ∈ {0, 1}, ∀i, j.

Constraint (2) comes from Constraint C3 of P . For Constraint

(1), we note the following, based on Constraint C1 of P:

∑
i∈It

yi,j,tKi
1−α

1−α
γj,t+1 γj,tr ≤ Kmax · γmax · r

∑
i∈It

yi,j,t,

which is due to Kmax ≜ maxi∈It
Ki, and 1−α

1−α
γj,t+1 ≤ 1. In

the rest of this section, we demonstrate that we equivalently

transform the non-convex min-max integer program Pt,1 to a

linear program PLP
t,1 , which can then be solved easily via any

standard linear program solver. This is actually Algorithm 1.

This transformation process is to change the problem while

preserving the optimal solution. Since the max{·} function is

non-differentiable and discontinuous, locating its optimum is

non-trivial. We first transform Pt,1 to PC
t,1 through the sum of

separable convex functions (i.e., exponential functions in our

case) and then transform PC
t,1 to PLP

t,1 through linearization

via ªλ-representationº [13]. We elaborate as follows.

From Pt,1, we set η = |It| ∗ |J |+ 1, and derive PC
t,1:

min
∑

i∈It

∑
j∈J ηyi,j,tdi,j,t

s.t. (1), (2),

var. yi,j,t ∈ {0, 1}, ∀i, j.

From PC
t,1, we derive PLP

t,1 :

min
∑

i∈It

∑
j∈J (ηdi,j,t − 1)yi,j,t

s.t. (1), (2),

var. 0 ≤ yi,j,t ≤ 1, ∀i, j.

Solving the linear program PLP
t,1 will lead to the optimal

integral solution to Pt,1, due to our Lemma 1 as shown later.

Its proof also exhibits the details of the above transformation.

Complexity: Algorithm 1 invokes a standard linear pro-

gram solver, e.g., the interior-point method, and its complexity

can be O((|It||J |)
2 log(1/κ)) [40], where |It||J | represents

the number of decisions and κ is the solution precision.

Algorithm 2 Bid and Draft Length Selection Algorithm, ∀t

Input: Previous decision x̄t−1 and γ̄t−1; and λt, ω, θ;

1: Obtain γ̃t via solving the problem (3);

2: Obtain γ̄t via invoking Algorithm 3;

3: Given γ̄t, obtain x̃t by solving the problem (3);

4: Obtain x̄t via invoking Algorithm 3;

5: Update dual as in (4);

6: return x̄t and γ̄t.

B. Algorithm 2: Selecting Winning Bids and Draft Lengths

Given ȳi,j,t returned by Algorithm 1, we extract the prob-

lem P2 from the problem P as

min
∑

t∈T Pt,2≜
∑

t∈T

∑
j∈J {

∑
i∈It

ȳi,j,tΓi,j,t + xj,tbj,t}

s.t. ∀j : gj,1 =
∑

t{γj,tr
∑

i∈It
ȳi,j,tKi −Bjxj,t} ≤ 0,

∀j : gj,2 =
∑

t{
1
T
φj − xj,t} ≤ 0,

∀j, t : hj,t = γj,t ≤ γmax

∑
i∈It

ȳi,j,t,

var. xj,t,∈ [0, 1], γj,t ∈ [0, γmax].

Note that the constraints here are from or transformed from

Constraints C1, C2, and C4 of P . While C4 is converted to

γj,t ≤ γmax

∑
i∈It

yi,j,t equivalently, C1 is converted to the

long-term version, similar to the original C2. This is because,

as shown later, we actually allow the violation of such long-

term constraints, but the time-averaged violation approaches

zero as time goes to infinity. Also note that P2 is defined in

the real domain, rather than the integer domain.

To solve P2, we introduce new notations for the purpose

of concise presentation. We use gt ≜ [g1,1, g2,1, ..., gj,1, ...,
g1,2, g2,2, ..., gj,2, ...] and ht ≜ [h1,t, h2,t, ..., hj,t, ...] to repre-

sent the aggregation of constraints. P2 is expressed as

minXt∈X

∑T
t=1 ft(Xt)

s.t.
∑T

t=1 gt(Xt) ⪯ 0;ht(Xt) ⪯ 0, ∀t,

where Xt = [x⊤
t ,γ

⊤
t ]⊤ is the aggregation of decision vari-

ables and X = [0, 1]J × [0, γmax]
J represents the domain.

Algorithm 2 solves P2 as follows. Solving P2 in the above

is equivalent to solving this min-max formulation:

min
X

max
λ

∑T
t=1 Lt(Xt,λt) ≜

∑T
t=1(ft(Xt) + λ⊤

t gt(Xt))

s.t. ht(Xt) ⪯ 0,Xt ∈ X, ∀t,

where λt denotes the Lagrangian multiplier vector at time

slot t. Through these multipliers, the long-term constraints are

incorporated into the optimization objective. Now, we adopt

the following primal-dual updates. That is, the decision Xt

for the time slot t can be obtained by solving this problem:

min
Xt

∑T
t=1(∇ft−1(X̃t−1)(Xt − X̃t−1)

+ λ⊤
t gt−1(Xt) +

∥Xt−X̃t−1∥
2ω )

s.t. ht(Xt) ⪯ 0, Xt ∈ X, ∀t,

(3)

where
∥Xt−X̃t−1∥

2ω denotes a regularization term that controls

the variation between consecutive decisions; ω is a pre-defined

step size; and ∥ · ∥ represents L2 norm. Subsequently, based



Algorithm 3 Decision Rounding Algorithm, ∀t

Input: Fractional decisions x̃t and γ̃t;

1: for j ∈ J do

2: if γ̃j,t or x̃j,t is integer then

3: x̄j,t ← x̃j,t, γ̄j,t ← γ̃j,t;
4: end if

5: end for

// Rounding draft lengths

6: for j ∈ J with fractional γ̃j,t do

7: With probability γ̃j,t − ⌊γ̃j,t⌋: γ̄j,t ← ⌈γ̃j,t⌉;
With probability ⌈γ̃j,t⌉ − γ̃j,t: γ̄j,t ← ⌊γ̃j,t⌋;

8: end for

// Rounding bids selection

9: for j ∈ J with fractional x̃j,t do

10: if
∑

i∈It
ȳi,j,tKi

1−α

1−α
γ̄j,t+1 γ̄j,tr > 0 then

11: x̄j,t ← 1;

12: else

13: x̄j,t ← 0;

14: end if

15: end for

16: return x̄t and γ̄t;

on post-deployment feedback, the Lagrangian multipliers for

t+ 1 can be updated as follows:

λt+1 =
[
λt + θ∇λLt(X̃t,λt)

]+
, ∀t, (4)

where [ · ]+ ≜ max{·, 0}, and θ is a pre-defined step size.

Through alternately executing (3) and (4), the algorithm makes

decisions online, solely based on information available up to

the time slot t− 1 without needing any inputs beyond t.
Complexity: Analogous to Algorithm 1, the complexity of

both Lines 1 and 3 of Algorithm 2 is O(|J |2 log(1/κ)). Line

2 or 4 invokes Algorithm 3, which takes O(|J |), as shown

next. Line 5 could also take O(|J |), if implemented as a loop.

C. Algorithm 3: Converting Fractional Decisions to Integers

Algorithm 3 rounds the fractional decisions γ̃t and x̃t into

integer values. We describe them, respectively, as follows.

Rounding γ̃t: Lines 1∼5 preserve existing integer decisions,

as they are not fractions and not to be rounded. For each re-

maining fractional γ̃j,t, Line 7 applies a randomized rounding

procedure: with probability γ̃j,t−⌊γ̃j,t⌋, the value is rounded

up to ⌈γ̃j,t⌉, and with probability ⌈γ̃j,t⌉ − γ̃j,t, it is rounded

down to ⌊γ̃j,t⌋. This ensures that the expected value of each

integral draft length equals its fractional value:

E[γ̄j,t] = (γ̃j,t − ⌊γ̃j,t⌋) · ⌈γ̃j,t⌉+ (⌈γ̃j,t⌉ − γ̃j,t) · ⌊γ̃j,t⌋

= γ̃j,t⌈γ̃j,t⌉ − ⌊γ̃j,t⌋⌈γ̃j,t⌉+ ⌊γ̃j,t⌋⌈γ̃j,t⌉ − γ̃j,t⌊γ̃j,t⌋

= γ̃j,t(⌈γ̃j,t⌉ − ⌊γ̃j,t⌋) = γ̃j,t.

Rounding x̃t: After similarly preserving existing integer val-

ues in Lines 1∼5, Algorithm 3 evaluates, for each fractional

x̃j,t, whether
∑

i∈It
ȳi,j,tKi·

1−α

1−α
γ̄j,t+1 ·γ̄j,t·r > 0 holds. If this

holds, then x̄j,t is set to 1 and is otherwise set to 0. Lines 9∼15

lead to E[x̄j,t] ≥ x̃j,t, ∀j, ∀t. This holds due to the following:

(i) Lines 10∼11 set x̄j,t = 1, and x̄j,t = 1 ≥ x̃j,t, ∀j; (ii) Line

Algorithm 4 Payment Calculation Algorithm, ∀t

Input: Bidding prices bj,t and b−j,t, ∀j;

1: for j ∈ J do

2: if x̄j,t = 1 then

3: pj,t ← bj,tx̃j,t(bj,t,b−j,t) +
∫ χt

bj,t
x̃j,t(s,b−j,t)ds;

4: else

5: pj,t ← 0;

6: end if

7: end for

8: return pj,t, ∀j;

13 keeps x̄j,t = x̃j,t = 0. In both cases, we have x̄j,t ≥ x̃j,t

and E[x̄j,t] ≥ x̃j,t.

Complexity: Algorithm 3 takes O(|J |), due to its execu-

tion as loops. It could be reduced to O(1) if parallel execution

is available and adopted.

D. Algorithm 4: Calculating Payment

Algorithm 4 calculates the payment pj,t for each bidder j.

If a bid or edge device is not selected, Line 5 sets its payment

to zero. For a winning bid j, Line 3 calculates the payment

following Theorem 3, as stated later, where bj,t is the bidding

price of the bid j; b−j,t denotes the bidding prices of all other

bids except j; x̃j,t(·) is the fractional winning-bid selection

decision before rounding, which also serves as the probability

that the bid j is selected as a winner for a given bidding price;

χt is an upper limit for the bidding price. We choose to follow

this theorem to calculate the payment, as payment this way is

guaranteed to attain truthfulness and individual rationality.

Complexity: Algorithm 4 takes O(|J |3ϱ log(1/κ)). This is

because, for each of the |J | iterations, we consider ϱ bidding

prices, where ϱ is the number of discretization intervals for the

numerical integration over [bj,t, χt]; for each of such ϱ bidding

prices, we run Algorithm 2 to obtain the corresponding x̃j,t.

IV. PERFORMANCE ANALYSIS

A. Regret and Fit Analysis

We first analyze the performance of our sub-algorithms, i.e.,

Algorithms 1∼3, from different aspects and then define and

analyze the regret and the fit for our main algorithm, i.e.,

Algorithm 0. Note that lemmas and theorems are what we

state and prove in this paper, while propositions are obtained

from external literature without proofs shown in this paper.

Lemma 1. Algorithm 1 ensures the optimal integral solution

ȳ∗
t to the integer program Pt,1 equals the optimal fractional

solution ỹ∗
t to the linear program PLP

t,1 .

Proof. See Appendix A. The proof states and is also based on

Proposition 2 (i.e., exponential sum) and Proposition 3 (i.e.,

ªλ-representationº).

Proposition 1. Algorithm 2 ensures the regret and the fit of

the problem P2 grow sub-linearly with time [41], [42], i.e.,

∑T
t=1{Pt(x̃t, ȳt, γ̃t)}−

∑T
t=1{Pt(x̃

∗
t , ȳt, γ̃

∗
t )}≤O(T

τ1),

||
∑T

t=1 gt(x̃t, ȳt, γ̃t)|| ≤ O(T
τ2),



where τ1, τ2 ∈ (0, 1); and {x̃∗
t , γ̃

∗
t } is the optimal solution to

Pt,2 at t given ȳt.

Lemma 2. Algorithm 3 ensures the expectation of the com-

putation and communication latency of cloud-edge speculative

decoding is bounded as follows:

E[Γi,j,t(γ̄j,t)] ≤ Γi,j,t(γ̃j,t) +
M
8 ,

where M is a constant.

Proof. See Appendix B. The proof is based on E[γ̄j,t] = γ̃j,t,
Taylor’s Theorem, and Cauchy-Schwarz Inequality [43].

In the following, we formally define regret and fit, and show

that Algorithm 0 incurs only sub-linear regret and fit for the

problem P , which is a preferred result for online algorithms.

Definition 1 (Regret). Consider the optimization problem:

minXt∈X

∑T
t=1 Pt(Xt) s.t.

∑T
t=1 gt(Xt) ⪯ 0.

The regret of an online algorithm is defined as

Reg(T ) ≜
∑T

t=1 Pt(X̄t)−
∑T

t=1 Pt(X
∗
t ),

where X̄t is the decision produced by the online algorithm for

the time slot t, and X ∗
t is the optimal decision for the time

slot t, i.e., X ∗
t ≜ argminXt∈X Pt(Xt), subject to gt(Xt) ⪯ 0.

Definition 2 (Fit). The fit incurred by an online algorithm

measures the cumulative constraint violation:

Fit(T ) ≜ ||[
∑T

t=1 gt(X̄t)]
+||,

where X̄t is the decision produced by the online algorithm for

the time slot t, and [·] ≜ max{0, ·}.

Theorem 2. The regret and the fit of Algorithm 0 grow sub-

linearly, i.e.,

Reg(T ) ≤ O(T τ1), τ1 ∈ (0, 1);Fit(T ) ≤ O(T τ2), τ2 ∈ (0, 1).

Proof. See Appendix C. The proof exploits the connections

between the integer domain and the continuous domain, and

utilizes Lemma 1, Proposition 1, and Lemma 2.

B. Economic Guarantees Analysis

Definition 3 (Utility). The bid j’s utility in the auction at t is

υj(bj,t,b−j,t)=





pj,t(bj,t,b−j,t)− b′j,tE(x̄j,t(bj,t,b−j,t)),

if x̄j,t = 1,

0, otherwise,

where pj,t(bj,t,b−j,t) is the received payment; b′j,t is the true

cost of the bid j; bj,t refers to the bidding price of the bid j;

b−j,t refers to the bidding prices submitted by all the other

bids; x̄j,t is the winning-bid selection decision, which depends

on bidding prices of all bids; and the expectation E is due to

randomization.

Definition 4 (Individual Rationality). An auction is individu-

ally rational if and only if for every bid j, its utility is always

non-negative, i.e., υj(bj,t,b−j,t) ≥ 0.

Definition 5 (Truthfulness). An auction is truthful if and only

if for every bid j, bidding its true cost achieves the maximum

utility, i.e., υj(b
′
j,t,b−j,t) ≥ υj(b̂j,t,b−j,t), where b′j,t is the

true cost of the bid j and b′j,t ̸= b̂j,t, ∀b̂j,t.

Theorem 3. A randomized auction is truthful and individually

rational in expectation if and only if it meets three conditions,

for any participating bid j: (i) x̄j,t(bj,t,b−j,t) is monotonically

non-increasing in bj,t; (ii)
∫∞

0
E(x̄j,t(s,b−j,t))ds < ∞; (iii)

the payment is in the form of pj,t = bj,tE(x̄j,t(bj,t,b−j,t))+∫ χt

bj,t
E(x̄j,t(s,b−j,t))ds. Our auctions meet these conditions.

Proof. See Appendix D. These conditions are a generalization

of Myerson’s Lemma [31] to randomized auctions in single-

parameter (i.e., bidding price) settings, but are not automati-

cally met. In the proof, we show our design meets them.

V. EXPERIMENTAL EVALUATIONS

A. Evaluation Setup

Testbed Implementation: We construct a testbed using an

existing speculative decoding framework [2], which consists of

a high-performance server equipped with an NVIDIA GeForce

RTX 4080 GPU as the cloud server, and Jetson NX and Nano

as the distinct edge devices. We employ Qwen-3 (8B/14B)

and Llama-2 (13B) as the cloud target models, and a set of

lightweight draft models on the edge devices, including Qwen-

3 (0.6B/1.4B/4B), Llama-2 (160M), Qwen-2 (0.5B/1.5B), and

Qwen-2.5 (0.5B/1.5B). We use five public datasets [32] from

previous research for testbed profiling: SpecBench, C4 (en),

OpenAssistant, WikiText-2, and MTBench. Table II summa-

rizes our measured latency parameters T cloud and Γedge
j .

LLM Parameters: We simulate three hundred 15-minute-

long time slots. For the LLM workload, the token demand per

prompt ranges in 200∼450, based on the WildChat [33] data.

The speculative draft acceptance probability, α, is configured

in 0.03∼0.9 [24], [34]. Via measurements from our testbed,

the per-token generation latency on edge devices (Γedge
j ) ranges

in 15∼50 ms/token, while the cloud verification time (T cloud)

falls in 20∼100 ms. The maximum draft length, γmax, is

constrained to 1∼24 [34]. Further, the prompt dispatch latency

(i.e., di,j,t, di,c,t) comes from real sources [36].

Auction Configuration: The minimum selection count φj

is set to 10∼100 [11]. The bidding price for each device is

calculated by combining power consumption data from our

testbed, with public electricity prices from CAISO [35]. The

resource capacity of the edge devices (Bj) is set to 16∼64 GB,

with the per-token resource requirement (r) profiled directly

on our testbed. For cloud-edge communication, the unit upload

delay (βup
j,t) and the unit download delay (βdown

j,t ) are set to

0.25∼0.5 s/token from public network dataset [36].

Algorithms: We implement all algorithms in Python. To

comprehensively evaluate our proposed approach OESD (On-

line Edge Speculative Decoding), we compare it against mul-

tiple benchmark approaches:

• Random makes decisions for bid selection, prompt dis-

patching and draft length in a randomized manner.



TABLE II: Parameters of Speculative Decoding

Model Pair T cloud
Γ

edge
j

Len. Lat. TP

(Target/Draft) (ms) (ms) γ ms/tok tok/s

Qwen 3-8B/0.6B 37.6 8.46
3 24.60 53
4 24.51 54
5 25.43 53

Qwen 3-8B/1.7B 37.6 11.67
3 28.60 35
4 30.49 32
5 31.33 32

Qwen 3-14B/4B 55.41 20.24
3 40.63 30
4 41.84 31
5 45.69 30

Llama2-13B/160M 48.50 10.77
3 22.64 54
4 20.52 60
5 21.07 59

Len. denotes draft length; Lat. denotes average latency.

• Greedy adopts a myopic strategy to make decisions,

aiming to minimize the immediate cost in each current

time slot without considering long-term performance.

• Fast [12] calculates the draft length based on the ac-

ceptance probability and the computation cost ratio [12],

while making the remaining decisions via Greedy.

• SOTA [4] decides the draft length accounting for the

communication cost between the edge and the cloud. The

rest decisions also follow Greedy.

B. Evaluation Results

Social Cost: Fig. 3(a) depicts the cumulative social cost

incurred by different algorithms. Our proposed OESD consis-

tently maintains the lowest cost trajectory. This performance

advantage stems from OESD’s holistic optimization frame-

work. While alternatives such as Fast and SOTA optimize

draft length based on acceptance probabilities, they focus the

problem only partially; they overlook the heterogeneity of

distributed edge devices, often leading to higher social cost.

Fig. 3(b) quantifies the cost reductions achieved by OESD.

The results show significant improvements: compared to Ran-

dom, OESD achieves a cost reduction of 59%∼61%; against

Greedy, OESD yields a gain of 35%∼38%, while providing

an improvement of 34%∼35% over Fast; even against the

advanced SOTA algorithm, OESD maintains a competitive

edge, reducing the social cost by 30%∼32%.

Scalability: Fig. 4(a) illustrates the social cost under

varying dispatch latency, analyzed across five distinct set-

tings of (125, 250), (250, 500), (500, 700), (700, 725), and

(725, 1000) ms, respectively. The results indicate that OESD

consistently outperforms others across all network conditions,

achieving an average cost reduction of 20%∼50%. This high-

lights OESD’s ability to effectively optimize prompt dispatch-

ing even in high-latency environments.

Fig. 4(b) presents the social cost under different token

generation limits, categorized into the groups of (200, 250),
(250, 300), (300, 350), (350, 400), (400, 450). We observe that

the social cost exhibits only mild fluctuations as the token

generation length increases, indicating system robustness.

Fig. 4(c) depicts the impact of the edge-to-cloud upload

latency. Unlike the token limit, variations in upload latency

cause significant shifts in the social cost, highlighting the
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Fig. 3: Social Cost Comparison

system’s sensitivity to uplink bandwidth. Despite these fluctu-

ations, OESD adapts agilely to network conditions, achieving

an average improvement of 13.9% compared to others.

Fig. 4(d) analyzes performance under varying cloud LLM

generation times, spanning from (20, 35) to (85, 100) ms.

OESD demonstrates substantial gains in this scenario, achiev-

ing a 58.1% improvement over Fast and a 33.9% improvement

over SOTA. This confirms that OESD effectively accommo-

dates heterogeneous cloud generation latencies.

Individual Rationality and Truthfulness: Fig. 5(a) illus-

trates the bidding prices and the corresponding payments for

different bids during a representative time slot. It is evident that

the payment received by each winning edge device exceeds

its bidding price, confirming non-negative utility and thus

individual rationality. Fig. 5(b) analyzes a bid’s utility as a

function of the different reported bidding prices. The utility is

maximized if and only if the bidder reports the true cost (i.e.,

0.1 in this experiment), confirming truthfulness.

VI. RELATED WORK

Cloud-Edge LLM Serving: Zhang et al. [18] propose

EdgeShard, which partitions models across distributed de-

vices to enhance latency and throughput. You et al. [19]

present JPPO, utilizing model-based prompt compression

and reinforcement-learning-driven power control to accelerate

wireless LLM services. Li et al. [20] design a cloud-edge

scheduling framework using combinatorial neural bandits to

prioritize edge requests. Yang et al. [21] propose PerLLM,

employing constraint-satisfaction bandits to optimize person-

alized inference and reduce energy costs. You et al. [22]

also develop JPPO++, which integrates iterative denoising

compression to maintain output quality.

This group of research exploits distributed execution for

collaborative LLM inference, addressing bandwidth and other

resource overhead, fundamentally different from speculative

decoding. Their methods are typically orthogonal and inappli-

cable to speculative-decoding optimization.

LLM Speculative Decoding: Leviathan et al. [12] pioneer

speculative decoding to accelerate inference by utilizing a

small draft model to generate candidate tokens for parallel

verification. Venkatesha et al. [23] incorporate early exits and

preemptive drafting mechanisms to reduce latency and cloud

API costs. Addressing communication bottlenecks, Zheng et

al. [3], [4] propose DSSD, which optimizes transmission



x0.25    x0.5    x1    x1.25   x1.5
 Scaling Network Latency

0.0

0.5

1.0

N
or

m
al

iz
ed

 C
os

t
Random
Greedy

Fast
SOTA

OESD

(a) Impact of Dispatching

x0.25    x0.5    x1    x1.25   x1.5
 Scaling Token Length

0.0

0.5

1.0

N
or

m
al

iz
ed

 C
os

t

Random
Greedy

Fast
SOTA

OESD

(b) Impact of Length Limit

x0.25    x0.5    x1    x1.25   x1.5
 Scaling Upload Latency

0.6

0.8

1.0

N
or

m
al

iz
ed

 C
os

t

Random
Greedy

Fast
SOTA

OESD

(c) Impact of Upload Latency

x0.25    x0.5    x1    x1.25   x1.5
 Scaling Generation Latency

0.4

0.6

0.8

1.0

N
or

m
al

iz
ed

 C
os

t

Random
Greedy

Fast
SOTA

OESD

(d) Impact of Generation

Fig. 4: Social Cost in Varying Environments

1 3 5 8
Edge Device ID

0.00

0.02

0.04

0.06

0.08

Pa
ym

en
t 

Re
ce

iv
ed

 (
$)

+0.0278
+0.0378

+0.0121
+0.0068

Payment (Reward)
True Bid (Cost)

0.00

0.01

0.02

0.03

0.04

0.05

Bi
d 

Pr
ic

e 
/ C

os
t 

($
)

(a) Payment vs. Cost

0.08 0.09 0.10 0.11 0.12
Bidding Price (bi)

0.4

0.6

0.8

1.0
Ut

ilit
y 

(u
j)

OESD Allocation x(bi)

(b) Utility

Fig. 5: Individual Rationality and Truthfulness

by sending only token indices instead of full probability

distributions. Regarding dynamic orchestration, Hao et al. [24]

introduce a threshold mechanism based on a weighted cost

function to balance quality and cost, while Xu et al. [5]

propose LLMCad, utilizing confidence scores to adaptively

control the verification frequency.

This group of works focus on speculative decoding; yet,

they often study it in isolation and miss either cloud-edge

environments, dynamic online optimization, or rigorous per-

formance analysis. To the best of our knowledge, none of them

has studied speculative decoding incentives.

LLM Auctions: Avinava et al. [25] introduce LLMs to

dynamically generate ad summaries based on allocated promi-

nence, maximizing social welfare and incentive compatibility.

Zhao et al. [26] propose a generative mechanism that em-

beds ad allocation directly into LLM responses via iterative

preference optimization. Cai et al. [27] develop RTBAgent,

which dynamically adjusts bidding strategies by multi-memory

mechanisms to adapt to market fluctuations. Huang et al. [28]

use LLMs as proxies for preference elicitation, reducing com-

munication costs while ensuring efficient allocation. Zhang

et al. [29] utilize LLMs to simulate complex socioeconomic

dynamics and market phenomena for Dutch auctions.

These studies employ LLMs for various types and settings

of auctions, and few of them, if not none, has incorporated

auctions into LLM serving design as in our work, not to men-

tion that they typically do not consider speculative decoding.

VII. CONCLUSION

Our work in this paper advances cloud-edge collaborative

LLM inference by enabling the system to dynamically recruit

and use dynamic heterogeneous edge resources for speculative

decoding. We formulate a long-term social cost minimization

problem, and propose a holistic online mechanism to jointly

control prompt dispatching, edge device selection, draft length

configuration, and payment allocation, while overcoming the

various algorithmic challenges. We prove that our approach

possesses sub-linear regret and fit with guaranteed economic

properties, and conduct solid experiments on our real-world

testbed to validate the superiority of our design in practice.
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APPENDIX

A. Proof of Lemma 1

We introduce the following two propositions:

Proposition 2. For minx maxi=1,...,k fi(x), where each fi(x)
takes an integer value, the optimal solution of this optimization

problem is the same as that of minx
∑k

i=1 η
fi(x), where η > k

is an integer [13].

Proposition 3. Any convex function f(x) can be rewritten as

f(x) =
∑

h∈H f(h)λh, where
∑

h∈H hλh = x,
∑

h∈H λh =
1, and λh ≥ 0, ∀h ∈ H. Here, H is the set of all possible

values x can take [13].

Using Proposition 2, we transform maxi∈It,j∈J yi,j,tdi,j,t
to

∑
i∈It

∑
j∈J ηyi,j,tdi,j,t . Consider Proposition 3. In our

case, H = {0, 1}; we introduce λ0
i,j ≥ 0 and λ1

i,j ≥ 0. Thus,

from Pt,1, we have

min
∑

i∈It

∑
j∈J

∑
h∈H ηh·di,j,tλh

i,j

s.t.
∑

h∈H hλh
i,j = yi,j,t, ∀i, j,∑

h∈H λh
i,j = 1, ∀i, j,

(1), (2),

var. 0 ≤ λh
i,j ≤ 1, ∀h ∈ H, ∀i, ∀j,

which is further equivalent to

min
∑

i∈It

∑
j∈J (ηdi,j,t − 1)λ1

i,j

s.t. λ1
i,j = yi,j,t, ∀i, j,

(1), (2),

var. 0 ≤ λ1
i,j ≤ 1, ∀i, j.

The first constraint of the above problem allows us to directly

remove λ1
i,j and keep yi,j,t as the decision variable. After such

elimination, we obtain PLP
t,1 .

Note that the constraint matrix of PLP
t,1 is totally unimod-

ular. For Constraint (1) in Pt,1, we can replace
Bj

Kmaxγmaxr

by ⌊
Bj

Kmaxγmaxr
⌋ on its right-hand side without impacting the

optimal solution, because its left-hand side is guaranteed to

be an integer. Now, as the right-hand sides of Constraints (1)

and (2) are integers, the total unimodularity holds. Thus, the

optimal solution to PLP
t,1 will automatically be integral.

B. Proof of Lemma 2

It can be verified that Γi,j,t(γj,t) for γj,t ∈ [0, γmax] is con-

vex. For the upper bound, we have the following derivations.

Let γ̃i,t = n + δ, where n is the integer part ⌊γ̃j,t⌋, and δ is

the fractional part γ̃i,t − ⌊γ̃j,t⌋. Then, we define the gap:

J(γ̃i,t) = E[Γi,j,t(γ̄i,t)]− Γi,j,t(γ̃i,t)

= (1− δ)Γi,j,t(n) + δΓi,j,t(n+ 1)− Γi,j,t(n+ δ)

As Γi,j,t(·) is twice differentiable, we apply Taylor’s theorem

around γ̃i,t:

Γi,j,t(n) = Γi,j,t(γ̃i,t) + Γ′
i,j,t(γ̃i,t)(n− γ̃i,t)

+ 1
2Γ

′′
i,j,t(ξ1)(n− γ̃i,t)

2, ξ1 ∈ [n, γ̃i,t]. (5)
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Γi,j,t(n+ 1) = Γi,j,t(γ̃i,t) + Γ′
i,j,t(γ̃i,t)(n+ 1− γ̃i,t),

+ 1
2Γ

′′
i,j,t(ξ2)(n+ 1− γ̃i,t)

2, ξ2 ∈ [γ̃i,t, n+ 1]. (6)

We substitute n− γ̃i,t = −δ and n+1− γ̃i,t = 1− δ into (5):

J(γ̃i,t) = E[Γi,j,t(γ̄i,t)]− Γi,j,t(γ̃i,t)
7a
= 1

2 (1− δ)δ[δΓ′′
i,j,t(ξ1) + (1− δ)Γ′′

i,j,t(ξ2)]

≤ 1
2 (1−δ)δ[δM + (1−δ)M ]= 1

2 (1−δ)δM
7b
≤ 1

8M, (7)

where (7a) holds since Γi,j,t(·) is convex, i.e., Γ′′
i,j,t(ξ1) ≥ 0,

Γ′′
i,j,t(ξ2) ≥ 0, and M ≜ maxξ′∈[n,n+1] Γ

′′
i,j,t(ξ

′); (7b) holds

since δ + (1 − δ) = 1, and from Cauchy-Schwarz Inequality

[43], we have δ(1− δ) ≤ 1
4 .

C. Proof of Theorem 2

For t, we use X̄t to denote the integer decision produced

by our online approach, and X ∗
t to denote the optimal integer

decision; we use X̃t to denote the fractional decision produced

by our online approach, and X̃ ∗
t to denote the fractional

optimal decision. Now, we define the fractional regret and fit:

R̃eg(T ) =
∑T

t=1 Pt(X̃t)−
∑T

t=1 Pt(X̃
∗
t ),

F̃ it(T ) = ||
∑T

t=1 gt(X̃t)||.

For regret, we have the following derivations:

Reg = E[
∑

t Pt(X̄t)]−
∑

t Pt(X
∗
t )

8a
=

∑
t Pt(X̃t)−

∑
t Pt(X

∗
t ) + E[

∑
t Pt(X̄t)]−

∑
t Pt(X̃t)

8b
≤

∑
t Pt(X̃t)−

∑
t Pt(X̃

∗
t ) + E[

∑
t Pt(X̄t)]−

∑
t Pt(X̃t)

8c
= R̃eg +K(kt)

8d
≤O(T τ1),

where τ1 ∈ (0, 1) is a constant. (8a) holds as we introduce the

redundant terms. (8b) holds because the integer optimum of

a minimization problem is always no less than the fractional

optimum of the relaxed problem. From (8b) to (8c), on one

hand, we apply Proposition 1; on the other hand, as proven

right next, we will have E[
∑

t Pt(X̄t)]−
∑

t Pt(X̃t) ≤ K(kt).
Finally, (8d) holds as K(kt) is constant.

Now, to prove E[
∑

t Pt(X̄t)] −
∑

t Pt(X̃t) ≤ K(kt), we

conduct the following. As defined before, Pt,1(·) and Pt,2(·)
represent the objectives of Pt,1 and P2. We further define

Pt(·) = Pt,1(·) + Pt,2(·), Pt,2(·) = P
′
t,2(·) + P

′′
t,2(·), (8)

where P ′
t,2(ȳt, γ̃t) ≜

∑
j∈J

∑
i∈It

ȳi,j,tΓi,j,t, P
′′
t,2(xt) ≜∑

j∈J xj,tbj,t. Then, we have

E[
∑

t Pt(X̄t)] ≤ E[
∑

t{Pt,1(ȳt) + Pt,2(x̄t, ȳt, γ̄t)}]
9a
≤

∑
t{Pt,1(ȳt) + E[Pt,2(x̄t, ȳt, γ̄t)]}

9b
≤

∑
t{Pt,1(ỹt) + E[Pt,2(x̄t, ỹt, γ̄t)]}

9c
≤

∑
t{Pt,1(ỹt) + E[P ′

t,2(ỹt, γ̄t)] + E[P ′′
t,2(x̄t)]}

9d
≤

∑
t{Pt,1(ỹt) + P

′
t,2(ỹt, γ̃t) +

M
8 + E[P ′′

t,2(x̄t)]}
9e
≤

∑
t{Pt,1(ỹt) + P

′
t,2(ỹt, γ̃t) +

M
8 + kt}.

(9)

(9a) holds because Algorithm 1 is deterministic; (9b) holds

due to Lemma 1; (9c) holds because of (8); (9d) holds by

Lemma 2; (9e) holds since
∑

t

∑
j x̄j,tbj,t ≤

∑
t bmax,t|J | ≜∑

t kt, where kt ≜ bmax,t|J | and bmax,t = max{bj,t, j ∈ J }.

E[
∑

t Pt(X̄t)]−
∑

t Pt(X̃t)
10a
≤

∑
t{Pt,1(ỹt) + P

′
t,2(ỹt, γ̃t)

+
M

8
+ kt − (Pt,1(ỹt) + P

′
t,2(ỹt, γ̃t) + P

′′
t,2(x̃t))}

=
∑

t{
M
8 + kt − P

′′
t,2(x̃t)}

10b
≤

∑
t{

M
8 + kt} ≜ K(kt).

(10)

(10a) holds due to (8) and (9). (10b) holds due to P ′′
t,2(x̃t) ≥ 0.

For fit, we have the derivations as follows:

Fit(T ) = ||[E[
∑T

t=1 gt(X̄t)]]
+||

11a
≤ ||E[

∑T
t=1 gt(X̄t)]||

11b
= ||

∑T
t=1 E[gt(X̄t)]||

11c
≤ ||

∑T
t=1 gt(X̃t)|| ≜ F̃ it(T )

11d
≤ O(T τ2),

where τ2 ∈ (0, 1) is a constant. (11a) holds because ||[·]+|| ≤
|| · ||; (11b) holds because the expectation of the sum equals

the sum of individual expectations; (11c) holds due to the

derivation below; (11d) holds due to Proposition 1.

E[x̄j,t] ≥ x̃j,t ⇒ −E[x̄j,t] ≤ −x̃j,t

⇒
∑T

t=1{
1
T
φj − E[x̄j,t]} ≤

∑T
t=1{

1
T
φj − x̃j,t}

⇒ ||E[
∑T

t=1 gt(X̄t)]|| ≤ ||
∑T

t=1 gt(X̃t)||

⇒ E[
∑T

t=1 gt(X̄t)] ≤
∑T

t=1 gt(X̃t).

D. Proof of Theorem 3

We show that the three conditions are satisfied respectively.

(i) Let Λt(xt,yt,γt) denote the objective function of the

problem P . Given the inputs of all other bids, i.e., b−j,t, we

adjust the bid j’s bidding price and observe the corresponding

decision xj,t and the objective value. Hence, the function can

be written as Λt
j(xj,t, bj,t | b−j,t). Assume that x̃0

j,t and x̃1
j,t

are the optimal decisions corresponding to the bidding prices

b0j,t and b1j,t, respectively. Then we have

Λt
j(x̃

0
j,t, b

0
j,t|b−j,t) ≤ Λt

j(x̃
1
j,t, b

0
j,t|b−j,t),

Λt
j(x̃

1
j,t, b

1
j,t|b−j,t) ≤ Λt

j(x̃
0
j,t, b

1
j,t|b−j,t).

Summing up these two inequalities, we have (b0j,t − b1j,t) ∗
x̃0
j,t ≤ (b0j,t− b1j,t) ∗ x̃

1
j,t. Without loss of generality, assuming

b0j,t− b1j,t > 0, we get x̃0
j,t ≤ x̃1

j,t. Then, consider three cases:

a) If x̃0
j,t = 0 and x̃1

j,t = 0, after rounding we have x̄0
j,t =

x̄1
j,t = 0; b) If x̃0

j,t = 0 and x̃1
j,t ∈ (0, 1], after rounding we

have x̄0
j,t = 0 ≤ 1 = x̄1

j,t; c) If x̃0
j,t ∈ (0, 1] and x̃1

j,t ∈ (0, 1],
after rounding we have x̄0

j,t = x̄1
j,t = 1. That is, in all cases,

we have x̄0
j,t ≤ x̄1

j,t.

(ii) Note that we have
∫ ∞

bj,t

x̄j,t(s,b−j,t)ds=

∫ χt

bj,t

x̄j,t(s,b−j,t)ds ≤ χt <∞.

(iii) Our Algorithm 4 directly follows the third condition

stated in the theorem to calculate the payment.


	Introduction
	Modeling and Formulation
	System Modeling
	Social Cost Minimization Problem

	Mechanism Design
	Algorithm 1: Dispatching Prompts
	Algorithm 2: Selecting Winning Bids and Draft Lengths
	Algorithm 3: Converting Fractional Decisions to Integers
	Algorithm 4: Calculating Payment

	Performance Analysis
	Regret and Fit Analysis
	Economic Guarantees Analysis

	Experimental Evaluations
	Evaluation Setup
	Evaluation Results

	Related Work
	Conclusion
	References
	Appendix
	Proof of Lemma 1 
	Proof of Lemma 2 
	Proof of Theorem 2 
	Proof of Theorem 3


