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Abstract—Transfer learning leverages existing models to help
train new models, rather than training the new models from
scratch. Unfortunately, realizing transfer learning in distributed
cloud-edge networks faces critical challenges such as online
training, uncertain network environments, time-coupled control
decisions, and the balance between resource consumption and
model accuracy. In this paper, targeting classification tasks,
we study the settings of both homogeneous and heterogeneous
transfer learning in cloud-edge networks via orchestrating model
placement, data dispatching, and inference aggregation. We
formulate non-linear mixed-integer programs of long-term cost
optimization over consecutive time slots, and design polynomial-
time online algorithms by exploiting the real-time trade-off
between preserving previous control decisions and applying
new control decisions. Our approaches produce new models by
combining the existing pre-trained offline models and the online
models that are continuously updated based on the inference
results of data samples arriving in streams. We rigorously prove
that our approaches only incur the number of inference mistakes
no greater than a constant times that of the single best model in
hindsight, and achieve constant competitive ratios for the total
cost. Evaluations have confirmed the superior performance of
our approaches compared to other state-of-the-art methods upon
real-world data traces, under text classification transfer learning
tasks.

Index Terms—Edge computing, edge Al, transfer learning,
online optimization.

I. INTRODUCTION

OBILE communication networks are shaping the new
paradigm of how users can explore and utilize Artificial
Intelligence (AI). The 5G networks often consist of centralized
gigantic data centers (referred to as “clouds”) in the core [2],
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[3], and distributed cellular base stations with co-located micro
computing servers (referred to as “edges”) in closer proximity
to the end users. AI models can be thus trained in the cloud
using abundant data and then dispatched to the edges to serve
the end users’ inference requests [4], [5].

One fundamental problem of the Al in this scenario is that,
as time goes, Al models often have varying or even decaying
accuracies. First, the underlying data distribution, i.e., the
relation between data’s features and labels, may drift due to
the non-stationary nature of the data and the environment [6],
[7]. Under such “concept drifts”, AI models which capture the
relation between existing data’s features and labels may not
work for the new data. Second, the underlying data distribution
may differ across communities or areas and Al models trained
by different data may reflect different relations between data’s
features and labels. As users move, their requests, which used
to be served by the models at a previous edge, may not be
properly resolved by the models at the new edge [8].

Transfer learning [9], [10] seems a promising solution to this
problem. As existing Al models become less accurate, rather
than dropping them and building new models from scratch, one
can leverage the existing models to help build the new models,
i.e., transferring “knowledge” from existing models (called
offline classifiers in this paper) to the combination of those
existing models and the new models (called online classifiers),
especially when the new data alone may be insufficient for
training new models or when the underlying data distribution
may possess periodical patterns. Yet, this approach confronts
multiple critical challenges in distributed cloud-edge networks.

First, it is non-trivial to design and realize transfer learning
in a distributed manner. It is desired to keep data samples
within the local edge networks without sending them to the
remote cloud due to privacy and performance (e.g., traffic lo-
calization); yet, extracting knowledge from each of the offline
classifiers that may reside across different edges to train the
online classifier(s) upon data samples that dynamically arrive
requires to make a comprehensive set of control decisions,
such as classifier placement, data sample dispatching, infer-
ence aggregation, and model weights update. It is challenging
to navigate the trade-offs among these intertwined decisions.

Second, it remains a non-trivial problem to implement dis-
tributed transfer learning cost-efficiently in an online manner
in the uncertain cloud-edge environment. As the operational
cost of edges, the delay between edges, and the available
capacity of each edge vary unpredictably [8], [11], we need
to control the system in real time to pursue the long-term
optimization. This is particularly hard due to time-coupled



decisions [12], [13], caused by selecting the edge to download
each existing offline classifier from the cloud or host the
new online classifier(s) to be created. For instance, hosting
a classifier on a local edge now will save “start-up” cost
of downloading the classifier and re-instantiating the edge
environment if this same classifier is also needed here in
the next time slot, but will waste the operational cost if this
classifier turns out to be unwanted (e.g., if there exists another
cheaper edge) in the next time slot.

Third, the different homogeneous and heterogeneous on-
line transfer learning settings require different solutions over
the cloud-edge networks. Transitioning from homogeneous
to heterogeneous is not a simple extension, but rather a
fundamental shift in design and optimization methodology. In
the homogeneous setting, each classifier can access the whole
feature space of the data samples. In contrast, in the heteroge-
neous setting, each classifier can only have access to different
part of the feature space of the data samples [14], changing
the transfer learning process entirely by requiring multiple
online classifiers to be trained simultaneously; this also adds
additional dimensions to the system’s control-decision space,
e.g., we now need to jointly control where the inference
aggregation happens, considering additional operating cost and
start-up cost. Due to all such differences, we need to treat these
two online transfer learning settings separately.

Existing research falls insufficient for addressing the afore-
mentioned challenges. Prior works [8], [14]-[18] studied
transfer learning’s performance, efficiency, and accuracy, but
never considered resource or cost overhead, not to mention in
distributed cloud-edge environments or in an online manner.
Others [19]-[25] focused on resource utilization, job schedul-
ing, and various optimizations of cloud and edge networks
and applications. However, to the best of our knowledge,
distributed transfer learning remains unexplored in existing
studies. See Section VII for more detailed discussions.

To the best of our knowledge, this work is the first to design
and optimize distributed online transfer learning in cloud-edge
networks. In this paper, we make several contributions:

« We formulate cross-layer long-term joint cost optimiza-
tion for homogeneous and heterogeneous online transfer
learning, incorporating operational, start-up, delay, and
inference error costs. The NP-hard problems make no
assumptions on input dynamics or classifier types/forms.

« For homogeneous settings, we design four polynomial-
time algorithms, i.e., Algorithms 1-4 that work jointly
using primal-dual techniques and online adjustments,
proven to bound mistakes against the best single classifier
and achieve a parameterized-constant competitive ratio
for the total cost against the offline optimum.

o For heterogeneous settings, we develop Algorithms 5-
8, addressing additional start-up costs and split feature
spaces via aggregation-first inference and paired online
classifiers, with proven worst-case guarantees.

o Comprehensive evaluations on real-world datasets (e.g.,
traffic workload, text classification tasks) show that our
approaches reduce total cost by 40%—-60%, achieve lower
mistake rates, and operate efficiently within seconds per
time slot, outperforming existing methods.
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The rest of this paper proceeds as follows. Sections II, III,
and IV elaborate our problem modeling, algorithm design,
and performance analysis for the homogeneous online transfer
learning in the distributed cloud-edge networks. Section V is
on the heterogeneous online transfer learning, focusing on
the differences from the homogeneous setting. Section VI
demonstrates the trace-driven experiments and results. Section
VII discusses the related work and Section VIII concludes.

II. MODELS AND PROBLEM FORMULATION
A. System Models

We summarize our notations in Table I.

Cloud-Edge Networks: We study the system over a series of
consecutive time slots [7'] = {1, ..., T}, corresponding to our
decision-making frequency. As shown in Fig. 1, we consider a
set of geographically distributed edges [I] = {1,..., I}, where

n “edge” refers to a cellular base station or a WiFi access
point equipped with a micro data center or a server cluster.
The edges are connected to one another, and also to a common
cloud via backhaul networks. For 4,5 € [I] and t € [T], we
use dt to denote the delay between the edge ¢ and the edge j
at the tlme slot ¢, and use D! to denote the available capacity
of the edge ¢ at the time slot ¢t. We also consider that this edge
environment provides a virtual machine (VM) or a container
to host and run each offline or online classifier, which will be
further elaborated below.

Offline and Online Classifiers: The cloud maintains a set
[K] = {1,..., K} of pre-trained “offline” classifiers that are
to be downloaded to the edges to serve users with ultra-low
latency and used to train a single “online” classifier being
updated continuously to accommodate any concept drift. For
k € [K|, i € [I], and ¢t € [T], we use al, to denote
the operational cost (e.g., electricity consumption) of hosting
offline classifier k£ on edge i at ¢, use b§ to denote the
operational cost of hosting the online classifier on edge 7 at
t, use cy; to denote the “start-up” cost of offline classifier
k on edge ¢, including the cost (e.g., traffic or bandwidth
consumption) of downloading offline classifier k£ from the
cloud to edge ¢ and the cost (e.g., lead time, system oscillation)
of booting and preparing the VM or container on edge ¢, and
use c; to denote the “start-up” cost of the online classifier on
edge 7, which only includes booting and preparing the VM or
container on edge i. The online classifier is directly created
on edge using the training data samples per time slot, rather
than being downloaded from the cloud. We also use f*(-)
to denote the “decision function” of the offline classifier k.
Besides, we use f} (-) to denote the decision function of the
online classifier that is trained at the time slot ¢ for the data



TABLE I: Notations

Inputs Descriptions
1] Set of edges
(K Set of classifiers
T Set of time slots
[M]? Data samples at the time slot ¢ from users
D; Available capacity of the edge ¢ at the time slot ¢
oL, Feature values for the data sample m
q’, Ground-truth label for the data sample m
¢ Operational cost of hosting offline classifier k on the edge
Phi tatt
bt Operational cost of hosting the online classifier on the
i edge ¢ at t
hi Start-up cost of downloading offline classifier k from the

cloud to the edge ¢
¢ Start-up cost of the online classifier at edge ©

FO) Decision function of the offline classifier k
t Decision function of the online classifier that is trained
Fn () at the time slot ¢ for the data sample m
dﬁj ?elay between the edge ¢ and the edge j at the time slot
Decisions Descriptions
ot Whether or not the offline classifier £ is downloaded and
ki hosted on the edge ¢ at the time slot ¢
¢ Whether or not the online classifier is trained and hosted
Yi on the edge 7 at the time slot ¢
St Weight for the offline classifier £ on the edge ¢ for the
kim data sample m at the time slot ¢
¢ Weight for the online classifier k on the edge 4 for the
im data sample m at the time slot ¢
+ Whether or not to transfer data sample m from the edge
Ymi where it arrives to the edge ¢ at ¢
ot Whether or not to transfer the decision results of offline
ij classifiers from the edge 4 to the edge j at ¢

sample m. Note that we write f¢ (-) instead of f*(-), because
the single online classifier is being updated per data sample
m during transfer learning, further elaborated as below.

Data Samples: We use [M]" = {0, ..., M;} to denote the
data samples that arrive at the system at the time slot ¢ from
users. Each single data sample m € [M]" is represented
as (pt,,q'.), where pl, refers to its feature values and ¢,
refers to its ground-truth label. Without loss of generality, we
assume ¢!, € {—1,1}, Vm, Vt. We emphasize that ¢/, is only
observable right after we conduct the inference for m using our
offline and online classifiers. We also note that any data sample
m may arrive at one edge but be dispatched to a different edge
to do the inference. We use d’, ; to represent the delay between
the edge where the data sample m arrives and the edge ¢ at .

Distributed Online Transfer Learning: At the time slot ¢, as
the data sample m arrives at the system, we design distributed
transfer learning that works as follows, also in Fig. 2.

o Step 1: The data sample m with its feature value p!, is
dispatched to every edge that has the offline classifiers
or the online classifier. Note that it only needs to be
dispatched to an edge once even if an edge hosts multiple
classifiers. Receiving pt,, every offline classifier k¥ com-
putes f*(p!,) and the online classifier computes f!, (p’,).

o Step 2: The decisions from the offline classifiers are sent
to the edge that maintains the online classifier with all
the weights of all the classifiers to compute the inferred
label as F’rtn(pZL) = SZgn(Zk Z’L thmrnsz-gn(fk(pfn)) +
S wksign(fL (ph,))) [32], where sign(-) returns 1 for
a positive value, —1 for a negative value, and 0 for 0;
Zhim 1s the weight for the offline classifier k£ on the edge
i for pt ; and wf,, is the weight for the online classifier
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Fig. 2: Transfer Learning per Data Sample

on the edge i for pl,.

o Step 3: The inferred label F} (pl,) is then sent to the
edge where the data sample m arrives originally, and is
further sent back to the user.

o Step 4: The ground-truth label ¢!, arrives at that same
edge, and is dispatched to the edge that has the online
classifier and all the weights. There, the weight for each
classifier is updated and the decision function itself of
the online classifier is also updated, i.e., f%,(-) is updated
to ft,,1(-) using the received decision results of offline
classifiers (see details in Section IV-B).

Our distributed transfer learning then proceeds to the next
data sample m + 1 at the time slot ¢. In the above process,
we “transfer knowledge” from the existing offline decision
functions f*(-), Vk to the new decision function F?!,(-) which
is a combination of f*(-), Vk and the online decision function
ft () being trained upon each data sample.

Control Decisions: We concentrate on making the following
control decisions in this paper. We use z, € {1,0} to denote
whether or not the offline classifier £ is downloaded from
the cloud and hosted on the edge 7 at the time slot t. We
use y! € {1,0} to denote whether or not the online classifier
is trained and hosted on the edge 7 at the time slot ¢. We
ul,, € {1,0} to denote whether or not to transfer data sample
m from the edge where it arrives to the edge 7 at ¢, and use
vj; € {1,0} to denote whether or not to transfer the decision
results of offline classifiers from the edge 7 to the edge j at
t. We also use z};,., w!, € [0,1] to denote the weight for the
offline classifier k£ on the edge ¢ and the weight for the online
classifier on edge i, respectively, for the data sample m at the
time slot ¢, as described above.

Cost of Transfer Learning: The cost of distributed ho-
mogeneous transfer learning at any individual time slot ¢
consists of multiple components: (1) the operational cost of
hosting classifiers on edges: >, > . al.al, + >, blyl; (2)
the start-up cost of downloading classifiers from the cloud
to edges and preparing the VMs or containers on edges:
S e [he — i) e g — v '] where [1 =
max{-,0}; (3) the performance overhead incurred by running
distributed transfer learning across edges, including the delay
of dispatching data samples Y >.d! .uf . the delay of
transmitting decisions of offline classifiers >, >~ d;;vi;, and
the delay of transmitting the inferred label and the ground-
truth label 2- Y >~ d! .yt Note that the inferred label (or
the ground-truth label) is only sent from (or to) the edge ¢ that
has the online classifier.

Mistakes of Transfer Learning: We consider the number
of “mistakes” to measure the quality or accuracy of transfer



learning [14], i.e., the number of occurrences where the
inferred label does not match the ground-truth label. We denote
the number of mistakes for all data samples of any single

time slot ¢ as 35, I{sign|qy, - (321 3-; Zimsign(f*(p),)) +
o wh o sign(f(pE,)))] < 0}, where I{-} = 1 if the inequal-
ity condition contained is true and I{-} = 0 if not.

B. Problem Formulation, Challenges, and Goal

Problem Formulation: We minimize the sum of (i) the long-
term total cost of transfer learning and (ii) the long-term total
number of mistakes of transfer learning over time:

Min  Hy =30, 57, (ahwh, + cralal, — o ')
+ 30 0 (bt + iyl —yi ')
T30 Do 2o (i (uly +290)) + 57,37, > vy
3 m H{sign [an (X8 i Zhimsign(f* (0),))

+ X whpsign(f1,(0h)))] <0 M)

s.t. Z]tczm < yf7Vkai7ta m, (la)
wt,, <yt Vi t,m, (1b)
v =1,V (1c)
>tk = 1,V k, (1d)

20 Ok 2, T why) = 1,V (le)

jvfj > b, Vi, t, (1g)

vf; < Yk, Vi, gt (1h)

Ul > why, Yk 0, m (1i)

ul >yt Vi,m,t, (1))

zh oyt ul s vt € {0,1}, 28, wt, €10,1].

var. mi) Vig m

Constraints (la) and (1b) ensure that only the edge that
hosts the online classifier can maintain all the weights for all
the classifiers. Constraints (1c) and (1d) ensure that the online
classifier can only be hosted by a single edge, and every offline
classifier can only be hosted by a single edge. Constraint (le)
states that all the weights are normalized and their sum is one.
Constraint (1f) respects the capacity of each edge. Constraints
(1g) and (1h) guarantee that the decision computed by every
offline classifier is transmitted to the edge that hosts the online
classifier. Constraints (1i) and (1j) guarantee that every data
sample is dispatched to every edge that hosts the classifier(s).

We note that as different terms in the objective may have
different units, each term can be associated to a weight which
is used to balance and control the optimization according to the
service’s need and preference. This weighted-sum method is
pretty common, and for brevity, we do not show such weights.
We will have experimental evaluations on this aspect.

Challenges: 1t is non-trivial to solve the above optimization
problem due to three challenges. First, we want to solve the
problem in an online manner. That is, as time goes, at any time
slot, we want to make control decisions for that time slot while
observing only the inputs for that single time slot and no inputs
for all the future time slots. For example, for the start-up cost

11+ _
Chi [:vfﬂ — ac}fm. 1] , we need to make x?~1 at t— 1; however, at

t—1, we have not made the decision of x*, without which it is
difficult to make a good decision of &'~ in order to optimize
cri [wh; — 271" Tt is a similar case for y*~ and its start-up
cost ¢; [yt —yi '] ' Second, the problem contains nonlinear
terms, i.e., the number of the mistakes of transfer learning
with sign(-) and I{-} functions, which are intertwined with
online training. While f*(pf,) can be observed as the offline
classifiers are given and the data samples arrive, we need to
determine how we should train or update the online classifier
t (-) at t in our algorithms in addition to accommodating
the nonlinearity. Third, the problem is NP-hard. The problem
contains integer variables, and is actually NP-hard as it can be
reduced to the existing uncapacitated facility location problem
(if we only retain the variables x and w and the related terms in
the formulation). The NP-hardness demands computationally
efficient algorithms. It is not easy to achieve so in the offline
setting, and it will be harder to do it in an online setting.
Goal: Our goal is to design polynomial-time approximation
algorithms which make control decisions in an online manner
and ensure that such decisions lead to a provable “competitive
ratio”. The competitive ratio r is a constant, which may contain
parameters, to satisfy H; < rH7. Here, H; refers to the value
of the objective function of the problem (1) evaluated with the
solution produced by our online algorithms, and H7 refers to
that evaluated with the optimal solution of (1) which were to
be produced in the offline manner, when all the inputs were
observed all at once before the start of the entire time horizon.
Algorithm Structure: First, to overcome intractability, we
design a primal-dual approximation algorithm (i.e., Algorithm
1) to solve x!, v! and u’ from the one-shot problem at any
t, assuming y’ is given. Second, to overcome the challenge
of being online, we design two algorithms (i.e., Algorithm 2,
which invokes Algorithm 1, and Algorithm 3, which invokes
Algorithm 2) to (re-)solve x¢, y¢, v’ and u' at t, pursuing
the dynamic trade-off between switching to a new decision
and continuing to stay at the previous decision. Third, to
accommodate nonlinearity and online training, we present the
overall algorithm (i.e., Algorithm 4, which invokes Algorithm
3) to set the weights z* and w? of all classifiers given ! and
y' at t, and conduct online training by updating f! (-) per data
sample m. We elaborate these four algorithms and prove the
performance guarantees in the next two sections.

III. ALGORITHM FOR ONE-SHOT PROBLEM

In this section, we formulate the innermost problem of
the offline classifier placement for each individual time slot,
assuming all the other control decisions are pre-specified (and
these decisions will be all made in the next section). We design
a primal-dual algorithm, i.e., Algorithm 1, with a provable and
guaranteed approximation ratio for this one-shot problem.

A. Innermost Problem

Consider Hi, i.e., the objective function of (1). If yt is
given, then at ¢, we can temporarily remove »_  I{sign[¢’, -
(k24 2Zhimsign(f*(0,)) + 32, why,sign( £, (p,)))] < 0},
because as we will show, given y* we will use Algorithm 4
in Section IV to determine z! and w! to satisfy Constraints



(1a)~(1b). Also, if y* is given, >, blyt + > >, 2d% .yl +
Syl -y 1]+ is known at ¢ accordmgly. Thus, we only
need to focus on the following part of the problem (1):

. 1
Min H, :Zt ki (aiiwii + crilzh,; — 1’21 ]+)
T2t mi DU + D5 A0} 2)

sty @k, =1,Vk,t, (2a)
>k xfm- < Qﬁ,VLt, (2b)

vf > at . Yk, it (2¢)

;> ah Viom kit 2d)

var. xfﬂ,vz, ul . €40,1}, (2g)

where Q! = D! —y!. As y 1s given, we have replaced v} ; by
vy, di; by df, and Z vj; > xj,; by vf > xf, for sunphﬁcatlon
ThlS 1s because there is only one j where yj =1, and for all
the other js, we have y] = 0. So, for this specific j, we can
set v”- = 1, Vi; for all the other js, we naturally have vfj =0,
Vi, due to (1h). U;fj is irrelevant to j now, but corresponds to
v} in a one-to-one manner; it is a similar case for dt» and d..
To tackle the time-coupled term Y, ,  cgi[zh; — 2, ']* in
Hy in an online manner, we will explore the real-time trade-
off between keeping the “previous” decisions and applying
the “new” decisions at each ¢, which will be discussed later
in details. Now, in order to obtain such ‘“new” decisions, we
temporarily remove >, ; cxi[zh; — 2t 1]t in Hy to decouple
the temporal dependencies introduced by the nonlinear term
involving previous configurations. This removal simplifies the
problem into a per-slot optimization framework, enabling real-
time computation by eliminating the need to track historical
configurations. By omitting the time index ¢, we further
reduce the problem to a formulation that depends only on the
current system state. Although this simplification temporarily
ignores explicit cross-time penalties, it ensures computational
tractability for latency-critical edge systems; we will later
reintroduce temporal coordination through adaptive parameter
tuning in Section IV to balance stability and optimality. We
construct the following one-shot problem at any individual
t (where we have omitted the time index ¢ to simplify
the presentation). This is also what we call our “innermost
problem”:

Min Hj3 :Zk7i ki Ths + Zm,i Amitimi + Zl d;v; 3

st. Y. ar = 1,VEk, (3a)
Dok Thi < Qi, Vi, (3b)
v; > Tk, VK, 1, 3c)
Ui = Thi, Vi, M, k (3d)
Var.  Tpi, Ui, Um; € {0,1}. (3e)

By relaxing the binary variables x;, v;, U, into real domains
and introducing dual variables Ak, d;, €x;, Prim for (3a)~(3d),
respectively, we write the Lagrange dual problem as

Max Hy=—3,Qibi — > ) Mk “4)
St Qi + 0 + M + € + D, Grim > 0,Vi k- (4a)
S eri < di, Vi, (4b)

Dok Okim < dimi, Y, i, (4c)

Algorithm 1: Offline Classifier One-Shot Placement
Input: ay;, dmi, di, i, Qi = Di — yi

1 Imitialize: 0;, v, €k, Orim, AQ; =0

2 for k € [K] do

3 it = argmin;c i (ar; + 0 + % 4 Z"’ dms );

4 while AQ;+ +1 > Q;+ do

5

6

[1] = [T]\i*;
it = argmin;ci)(ar: + 9 —|—
7 =it AQ = AQ;- + 1,

4 Em dimi ):

il

r s JK+S dpin K
i = 8- (1 iﬁ+t T
9 | A= —(0 +ap + F + =)
10 Tix = 1 s Umi* — ].
1| v = 1 (i.e., vix; = 1 where y; = 1);

Output: z, v, u

var.  0;, €gi, Prim > 0, A\, € R.

(4d)

B. Primal-Dual Algorithm

We design Algorithm 1 to simultaneously construct integral
feasible solutions to the primal problem (3) and feasible
solutions to the dual problem (4). The idea of the primal-dual
algorithm is to elevate the dual variable continuously until the
dual constraint becomes tight (i.e., a constraint of the form of
ax < b is considered tight when ax = b), and then the primal
variable corresponding to that tight dual constraint can be set
to a non-zero value in order to still satisfy the complementary
slackness of the Karush-Kuhn-Tucker (KKT) conditions. Our
Algorithm 1 is for each ¢, so ¢ is omitted from the presentation.

We explain our Algorithm 1 following the above principle.
By combing (4b) and (4c) with (4a), we can transform (4a)
into >, (Ax +9; +awi) +di +,, dmi > 0. Note that if this
inequality is tight, then (4a) is tight. One sufficient condition
to make this inequality hold is to make the following hold:
Mo+ 0i+ap+di /K4, dmi/K >0, Vk. Now, instead of
increasing dual variables slowly, we can directly set the value
of A to A\, = —min;e()(; +ari + % + %), which can
make (4a) tight. Afterwards, the primal variable xj;, which
corresponds to (4a), can be set to 1; v; and u,,; can be also
set to 1 at this point. Based on what is stated above, we choose
ias i = argmincp(ak; + 0; + 4y 2 d’"’) for each k, as
in Line 3 of our algorithm. L1ne 4 guarantees no violation
of the constraint (3b), where AQ); is defined as the number
of classifiers that edge ¢ host. We regard the dual variable 9§,
as a reflection on the potential capability of edge ¢ to host
offline classifiers (i.e., the larger §;, the less likely ¢ is to be
selected). Thus, §; is increased for the selected edge i* due to
the decrease of AQ);+ and remains intact otherwise. The update
of d; is carefully designed for achieving low additive loss in
approximation ratio, as in Line 8, where & = max;c(;1{Q:}-
Lines 9 and 10 update the dual variable \; and the primal
variables x;, V;, Um;, respectively.

C. Performance Analysis

First, by Lemma 1, we demonstrate that Algorithm 1 is a
polynomial-time algorithm with no violation of the constraints



TABLE II: Abbreviative Notations

Notation Definition

Xso Zk i ('lﬂ[Tlm - TM 1]Jr

X! se >k, Hlkﬂ”/u +22, LJ LJ + 2 i T Wi
AX_sc Zt iX —sc

Yse >, w[yz -yt

Y se Xso +Xlgo + 32, biyi + 2, 5 2dnv;
AY_sc Z:;lt Y:sc

of the primal problem (3) and the dual problem (4). Second, by
Theorem 1 on top of Lemma 1, we derive the approximation
ratio 1. We show Hs < rHy < r1H3, where H3 and Hy
refer to the objective function values of (3) and (4) evaluated
with the feasible solutions returned by Algorithm 1; H3 refers
to the optimal objective function value of the primal problem.
Note that 4 < H3 holds automatically due to duality.

Lemma 1. Algorithm 1 returns feasible solutions to both the
problem (3) and the problem (4) in the polynomial time.

Proof. A solution is feasible for a problem if the solution
satisfies the problem’s constraints. For (3), (3a) is satisfied by
Line 10. Lines 4~5 ensure no violation of the edge capacity
limit, i.e., (3b). Once the edges to host offline classifiers are
determined, (3c) and (3d) are also satisfied, following Line 10.
Line 10 also guarantees (3e). For (4), this inequality ), (Ax +
di+aix)+di+)_,, dmi > 0 is constructed based on (4a), (4b)
and (4c), guaranteeing they are satisfied according to Lines
3~6. As for the time complexity of Algorithm 1, the for loop
runs K times, and the while loop in the for loop runs at most 1
times according to its termination condition AQ;+ +1 > Q;+.
Thus, the total time complexity is O(K1T). O

Theorem 1. Algorithm 1 is an ri-approximation algorithm
to the problem (3), i.e, Hs < riH3, where 1 = 5% and
& > 1 is a tunable parameter. The parameter £ balances
update responsiveness and approximation quality: smaller &
accelerates dual updates but worsens the competitive ratio,
while larger £ ensures better performance with slower updates.

Proof. See Appendix A. O

Note that all the appendices are placed in the supplementary
material of this paper.

IV. ALGORITHMS FOR LONG-TERM LEARNING

In this section, we design Algorithms 2 and 3 that determine
in real time the offline and online classifier placement with
data dispatching and inference aggregation for each time
slot. We also design Algorithm 4 for transfer learning upon
each data sample as the classifier placement is determined
dynamically. We theoretically analyze the number of mistakes
of transfer learning and the competitive ratio for the total
cost. We use some new notations in Table II to ease our
presentation.

A. Online Algorithms for Classifiers Placement

Our main rationale is to postpone changing the placement of
the classifiers until “appropriate”. That is, until the cumulative
non-start-up cost (i.e., operational cost and delay of transfer
learning incurred by continuing to host classifiers at previous

Algorithm 2: Conditional Offline Classifier Placement

Input: yt AX _s¢, i
1 given yt, ", get mt 'ut u! by invoking Algorithm 1;

2 if X ( ) < AX sc then

3|zt = wt,

4 AX_SC :Xisc(;ﬂ\z,{)},a;) 5

5 t=1t;

6 else

7 | @t =af

8 set u! and v! according to x! and yt;

9 AX_sc = AX_go + Xisc(wf, ut, ’Ut);

Output: !, v', ul, t

Algorithm 3: Offline and Online Classifier Placement

Input' AY_ SC» tA, tv
1 for i € [I] do

2 set yt asyfl andy =0 for j # i;
given yt, get wt vt ut by invoking Algorithm 2;
4 | if YSC(y y') < o L AY_gc then
5 y' = y ; I
6 AY_go =Y. go (2!, yt, ul, vt);
7 t=1t;
8 else )
9 y' =yt
10 given y?, get x!, v, ut by invoking Algorithm
2;
11 AY_goc = AY_ Sc-l—Y SC( ,y ut vt)
2| H—M =Y g0 + Yes

13 find the minimum H' , for all ¢ and its ', y*, u’, v’;

Output: !, yt, v*, u', t, £

locations) exceeds the current start-up cost (i.e., downloading
cost and edge instantiation cost incurred by changing the
classifier placement) times a constant which can be controlled.

We briefly explain our Algorithm 2.! In Line 2, py is the
controllable constant as aforementioned, and AX_g¢ records
the cumulative non-start-up cost from t to t — 1, where
refers to the last time slot when the offline classifier placement
changes before t. When the condition in Line 2 is satisfied,
we adopt the decision returned by Algorithm 1; otherwise, we
use the most recent decision as the current decision. We design
Algorithm 3 in a similar spirit as for Algorithm 2. Specifically,
we traverse I possible values of y' in Lines _1~2. Then, as
in Line 4, only when AY_g¢ exceeds YSC(y y') times p;
will we adopt the new decision of y*, where f indicates the
last time slot of the online classifier placement change before
t. Otherwise, in Line 10, we invoke Algorithm 2 given yf. We
record all H* ,; with the different y*, and find the minimum
H*' ,, over all ¢ with its corresponding decisions.

In Algorithm 2, we use symbols like Z to refer to decisions obtained from
Algorithm 1. Analogously, in Algorithm 3, we use symbols like T to represent
decisions obtained from Algorithm 2. This should be clear from the context.



B. Online Algorithm for Transfer Learning

We propose our overall online transfer learning algorithm,
i.e., Algorithm 4, to tie together every per-slot optimization of
classifier placement and conduct the actual transfer learning
process as data dynamically arrive. Our algorithm conducts
online training in four steps: weights update, label inference,
parameters update, and online classifier update. First, at each
time slot, we invoke Algorithm 3 to find all the classifiers’
placements in Line 4, and for the current data sample, we
determine the weight for each classifier in Lines 7~8. Then,
for this data sample, we conduct the joint inference as a
weighted sum of the static offline classifiers’ results and the
online classifier’s result in Line 10. As receiving the ground-
truth in Line 11, we next decrease the weights of those
classifiers which misclassify instances so as to weaken their
impact by updating the parameters used to determine the
weights for the next data sample, as in Lines 13~17. Finally,
we update the online classifier itself based on its loss on
the current data sample, as in Lines 19~21. Here, we regard
the data sample’s feature pf, as a support vector and add it
into the set of the support vectors of the online classifier:
fha = fh+ ol ah, £l (ph,, -), where o, is the coefficient
for the support vector; K (-, -) is the kernel function; and C
is a constant trade-off value used to prevent the coefficient
of the vector from being too large. Note that we allow offline
classifiers of arbitrary and heterogeneous types or formats, but
without of loss of generality, we focus on training the online
classifier as a Support Vector Machine in this paper. This is
for concretizing our Algorithm 4, and does not impact our
performance analysis and proofs.

C. Performance Analysis

We now introduce some new notations to simplify our
descriptions. We split H;, the objective function of (1), as
Hy = > ,(H}y; + HY,;), where Hi, = > T{sign|q, -
(2 2 Zhim 5191 (F* (P) + 32 whn sign(fr, (p)] < 0},
and H' -M — Zk 1(a’kzxkz + Ckl[mkz le] ) + Z (bt t
cl[yz yf 1] >+Z Z mz +2y;)) +E Z d’L] 5"
We also use HY5 and H', to denote their optlmal values.
First, by Theorem 2, we eXhlblt that the total number of
mistakes, i.e., Zt H ]tV[, incurred by our transfer learning over
time is no greater than a constant times the total number of
mistakes incurred by the single best classifier (out of the offline
classifiers and the online classifier), plus another constant.
Second, by Theorem 3, we exhibit the competitive ratio of
Algorithm 4. That is, we show H; < rH{ and find r, where
H, is the objective function value of the problem (1), evaluated
with the solutions produced by Algorithm 4, and H{ is the
optimal objective value. To do so, we derive Zt Hztw <
ro Y Hiiand Yo, HY ,, < r3)y., H*,,, and then find r by
Hy <roy HE +rs>., HY < max{ry,rs}Hi = rHj.

Theorem 2. Algorithm 4 incurs the total number of mistakes
as >, Hiy < (2424/2In(K 4 1))Tpin +2In(K +1), where
Lppin = min{T!, . TF, T TOL TR =3, gt T9 =
> tm Y- Here, m,. and ~y}, indicate whether the inference
computed by the offline classifier k and the online classifier is

Algorithm 4: Homogeneous Online Transfer Learning

Input: offline classifiers fI*! = (f1, f2, ..., ),
trade-off C, and weight discount 6 € (0, 1)

1 Initialize: t = 1,1 =1=0, f* =0, ({; = ¢j = &5
2fort=1,2,....,T do
3| fo=170
4 invoke Algorithm 3 to obtain ¢, y!;
5 for m=0,1,..., M*! do
6 > Weights update
mi 07 y,f -0
N PR () SR N !
mi 0’ yf -0
9 > Label inference
10 calculate inference:
qun = Slgn(Zkz Z]iimsign(fk(pfn)) +
Zi wf?rLSZgn(ffn(pfn)))’
1 receive ground-truth: ¢/, € {—1,+1};
12 > Parameters update
13 for k=1,2,..., K do
14 L M = W signlay, - sign(f* (p},))] < O}
15 le‘ sm—+1 = Czﬁ menzm ;
16 vm = Wsignlqy, - sign(fr, (v))] < 0};
17 f o1 = UL 67 ™
18 > Online classifier update
19 calculate loss: I* = [1 — ¢t fL (p! )]s
20 if [¢ > 0 then
21 b=+ amqu(pm, -), where
al = min{C, X pm)}

wrong for the data sample m of the time slot t, respectively,
as in Algorithm 4.

Proof. See Appendix B. [

Theorem 2 reveals that the cumulative number of inference
mistakes incurred by the proposed algorithm is tightly bounded
by the performance of the best offline classifier, up to a
sublinear regret term. This ensures that the online classifier
learns effectively over time and minimizes errors adaptively.

Theorem 3. Algorithm 4 is an r-competitive online algorithm
to the problem (1), i.e., Hy < rHY, where r = max {ra, 13},
oy = w and r3 = (1+ 711)(14_ p% + Dipag)T10.
Here, O is a constant in Algorithm 4; p1 and ps are constants in
Algorithms 2 and 3; 1 is the approximation ratiotof Algorithm
. b
1, as in Theorem 1; D.,,q, = max{max; j t{w}’ 2}; and
max; {>, llkHrZ dij+3>,, dmz}} '

min; Zk A

Proof. See Appendix C. O

o = max{

Theorem 3 shows that our algorithm achieves an r-
competitive ratio with respect to the offline optimum, where
r is tightly linked to system heterogeneity and algorithm
parameters. The structure of this ratio indicates that the



performance gap is bounded and manageable under practical
configurations.

V. HETEROGENEOUS ONLINE TRANSFER LEARNING

While the previous sections assume that the offline classi-
fiers and the online classifier have the same or homogeneous
feature space, in this section, we consider the setting that they
have different or heterogeneous feature spaces. We focus on
the case where the feature space of each offline classifier is a
“subset” of that of the online classifier [32]. For example, for
three offline classifiers and one online classifier, if each data
sample for the online classifier has the features in the form of
{Pm1,Pm2,Pms3}, then each data sample for the three offline
classifiers could have the feature in the form of {pm1,Pma},
{Pm2,Pm3}, and {pm3}, respectively. The feature space of
every offline classifier can be arbitrary but may not have the
full dimensions of the feature space of the online classifier.

In this section, we model and formulate the total cost
minimization problem of the distributed heterogeneous online
transfer learning in the cloud-edge networks. We also design
a set of new algorithms to address this case with a provable
competitive ratio for the total cost.

We summarize our additional notations in Table III.

TABLE III: Additional Notations

Inputs Descriptions
At Operational cost of hosting the offline or online (depend-
ki ing on ¢) classifier k on the edge 7 at ¢
Bt Operational cost of inference aggregation on the edge ¢
v at ¢
Start-up cost of downloading offline classifier k£ from the
Clki cloud to edge %, or preparing the VMs or containers for

the online classifier k& on the edge ¢ (depending on ¢)
C} Start-up cost of inference aggregation on the edge ¢

t Decision function of the offline or online classifier £ at
dem (1) the time slot ¢ for the data sample m

Strong classifier which combines the decision functions
Lkm( ) at the time slot ¢ for the data sample m on the
edge ¢

Fim ()

Decisions Descriptions

Whether or not the offline or online (depending on ¢)

classifier k is downloaded from the cloud and hosted on

the edge ¢ at the time slot ¢

vt Whether or not the edge ¢ at the time slot ¢ is selected
i for inference aggregation

Weight for the strong classifier 7, t

t
XLkz

pt m (+) on the edge i

kim for the data sample m at the time slot t
Wtk Weight for the offline or online (depending on ¢) classifier
tkim

k on the edge ¢ for the data sample m at the time slot ¢
Whether or not to transfer the ground-truth label of m
Uﬁ“ from the edge where it arrives to the edge ¢ that hosts
the online classifier(s) at ¢
Vi Whether or not to transfer the decision results of classi-
j fiers from the edge 7 to the edge j at ¢

A. System Models

Distributed Heterogeneous Online Transfer Learning: For
the data sample m of the time slot ¢, f§,,.(-) is the decision
function of the offline classifier k£ with the feature space RF,
where fékm() = ézol(')’ Vi, k, m; and ffkm() and f;km() are
the decision functions of the online classifiers with the feature
spaces R* and R°/R¥, respectively, where R is the feature
space of the online classifier. Unlike homogeneous transfer

[
an

s EE——
l qrrn p:n‘ anlq,’n pzlnlqztn

>

I fZIm(pZIW) /2,\”7(172,(”1) I’_ - f()Am( ) f]kuH—]( ) fll\m( ) f2km+l( ) f7km( )®

I fllm(pllm) fll\m(plkm) I f ( ) fﬁ( ) %
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_/()_1 7£(€ 01172 { Oﬁnép_()k_m)_ l l
@ f()’km(p(l)km) fltkm(pikm) fz'km(l’ékm)

Fig. 3: Heterogeneous Transfer Learning per Data Sample

learning, here we have two decision functions for the online
classifiers corresponding to each offline classifier. That is, in
this setting, the total number of the online classifiers in the
system is twice as many as the offline classifiers. We thus
allow that each online classifier can be on a different edge,
and that the weights for all the offline and online classifiers
still need to be hosted collectively on one common edge for
conducting inference aggregation, no matter this edge hosts
offline classifiers, online classifiers, or no classifier.

At the time slot ¢, as the data sample m arrives at the
system, we design the heterogeneous transfer learning process
that works as follows, also shown in Fig. 3:

o Step 1: The data sample m with its feature value pf, is
dispatched to every edge that has the offline classifiers
or the online classifiers. Receiving pl,, every offline
classifier k splits the feature p!, into pf, € R* and
phy., € R°/RE and each offline classifier k& computes
fiem (Db ), Where we denote ph,. = pi.,.. Vt, k,m;
and the online classifiers also split the feature and com-
pute ffkm(pikm) and f%km(pgkrm)

o Step 2: The decisions from the offline classifiers and
online classifiers are sent to the single edge that is
selected for the weights update and the inference ag-
gregation to compute the inferred label as ¢!, =
Sign[zk Z Plzzmgkzm(pm)] where gkflm(pgn) =
sign{ ¥, kzmszgn[fbkm (0! )]} Wi is the weight
for the classifier /!, (-) on the edge i, where . = 0,1, 2;

and F, (p,) serves as a “strong” classifier which
combines the decision functions /%, (-); and P},  is the
weight for this strong classifier.

o Step 3: The inferred label §%, is then sent to the edge
where the data sample m arrives originally, and is further
sent back to the user.

o Step 4: The ground-truth label ¢!, arrives at that same
edge, and is dispatched to the selected edge as in Step
2, where the weight for each classifier is updated. Note
that this ground-truth label ¢!, is also dispatched to every
edge that hosts any online classifier(s), where the deci-
sion function(s) of such online classifier(s) are updated,
ie., f{;,,(-) and f3, (-) are updated to f{, . .(-) and
Jokm1()s VE.

Control Decisions: We focus on the following control
decisions. We use X/, € {1,0} to denote whether or not
the offline classifier k is hosted on the edge ¢ at the time slot
t (when ¢ = 0), or whether or not the online classifiers that
correspond to the offline classifier k£ are hosted on the edge
i at the time slot ¢ (when ¢ = 1,2). We use Y € {1,0} to



denote whether or not the edge ¢ at the time slot ¢ is chosen
for maintaining the weights and conducting the inference
aggregation. We use U!,. € {1,0} to denote whether or not
to transfer the ground-truth label of m from the edge where it
arrives to the edge ¢ at the time slot ¢ (for updating decision
functions). We use V}'; to denote whether or not to transfer the
decision results from the edge ¢ to the edge j at the time slot

t. We use P}, € [0,1] to denote the weight for the strong
classifier, and use W}, € [0,1] to denote the weight for

the offline classifier k£ (¢« = 0) and the weights for the online
classifiers that correspond to the offline classifier £ (v = 1,2)
on the edge ¢ for the data sample m at the time slot ¢. Besides
these decision variables, we continue to use u! . € {1,0} to
denote whether or not to transfer the data sample m from the
edge where it arrives to the edge ¢ at ¢, as in previous sections.
Note that from now on U}, and u!,; have different meanings.

Cost of Heterogeneous Online Transfer Learning:
The cost at any individual time slot ¢ consists of the
following components: (1) the operational cost of hosting
classifiers and conducting inference aggregation on edges:
Yok > AL XL 4+ >, BYYE (2) the start-up cost of
preparing the VMs or containers on edges for hosting
classifiers and for conducting inference aggregation:
ZL Zk Zi CLk'i [ vki kazli ! + Zi 01 [Y;t - }/;t_li+
where [|T = max{-,0}; (3) the performance overhead
incurred by running distributed heterogeneous transfer
learning across edges, including the delay of dispatching
data samples »_ > d ul ., the delay of dispatching the
ground-truth label to the edges that have online classifiers
for updating decision functions >, > df U . the delay
of transmitting decisions of offline and online classifiers
>0 22, di; Vi, and the delay of transmitting the inferred label
and the ground-truth label from (or to) the edge that is selected
for conducting the inference aggregation 2 - Zm > db Yk
All the new coefficients here, such as A, ,, Bf, C,i;, and C;,
have similar meanings to the corresponding notations as in
the homogeneous transfer learning setting.

Mistakes of Heterogeneous Online Transfer Learning:
We consider the number of “mistakes”, i.e., the number of
occurrences where the inferred label does not match the
ground-truth label. We denote the number of mistakes for any

time slot ¢ as ]I{sign{qm (>n > Pl Flim (01 ))} < O}.

B. Problem Formulation

We minimize the sum of the long-term total cost and total
number of mistakes of heterogeneous online transfer learning:

Min H5
+2 i diﬂHZtZ-(BiYWC-[W
220 Do 2 Ui + 200 2o 25 (i (s

5 X W signaly - (S i Plam Tl #))] < 0
(5)
st. Pl <Y!Vkitm, (5a)
W <YV ki t,m, (5b)
Y =1,ve, (5¢)

= Y e Y (Al X + Cunal X — X1GHT)
_}/;tfl] )
+2Y) Xi

Yoy Xh =1V, bk, (5d)
Dok D P;i,m =1,Vm,t, (Se)
Z Z Lkzm - 17Vk7 mat7 (Sf)
Z Vik > ka7,VL,k7i,t, (5h)
Vi < Y[V, gt (51)
ul,, > XE Ve ki,mt, (59)
Ut >ka,VLE{1 2}kimt (5k)

var. kawyt’ mNUrtnw 13 € {0 1}
kzm’ WLtkzm [07 1i

Constraints (5a) and (5b) ensure that only the edge that
is selected for conducting inference aggregation can maintain
all the weights of all the classifiers. Constraint (5c) ensures
that only one edge in the system is selected for inference
aggregation. Constraint (5d) ensures that every classifier is
hosted on one edge. Constraint (5e) states that the weights
of the strong classifiers are normalized and their sum is one.
Constraint (5f) states that the weights of the decision functions
are normalized and their sum is one. Constraints (5g) ~
(5j) are similar to Constraints (1f) ~ (li). Constraint (5k)
guarantees that every ground-truth label is dispatched to every
edge that hosts online classifiers for updating the decision
functions of these online classifiers.

C. Algorithm Design

We design Algorithms 5~8 to solve this problem, which are
related to but different from Algorithms 1~4: (i) the placement
algorithms change from firstly placing the online classifier
and then placing the offline classifiers 7o firstly deciding the
inference aggregation and then jointly placing both online and
offline classifiers; (ii) the online transfer learning algorithm
changes from homogeneous fo heterogeneous, working with
the split feature spaces of the data samples that arrive online.

System Control: We describe Algorithms 5~7 first. Con-
sider H3, i.e., the objective function of (5). We now assume
that Yt is given, and remove the mistakes of the heterogeneous
transfer learning. Unlike the homogeneous transfer learning,
the model of the heterogeneous transfer learning contains
an unconventional Constraint (5k). To overcome this, we
introduce Af i XW, Ciyi» and &' U . as replacements for
Al XD CL;”, and d! Ut . respectively, where ¢ € [0, 1]
and j € [0, ..., K,]. If » = 0, it represents the offline classifiers,
and Ky = K. If » = 1, it represents the online classifiers, and
K, = 2K. With this approach, we no longer classify online
classifiers into two categories, but instead focus on online or
offline classifiers. Note that if 7 > K, then AIJZ =AY wis

= XZJ Kis Clﬂ = ng xqi; if 3 < K, then AUZ Al

1_]L 291°

Xfﬂ = X Coi = Cui» V1,7,i. We set “’(tsz = 0,
& = dmi, Ym,i to ensure that the value of Uoml has

no effect on our objective function. Given Y, we obtain the
following problem:

297 2]z+CZJii 29t 291

Min Hg=Y,, (At Xt R )



divi+ 3 Ut
+Zt ,m,i mz mz + Zt K t,e,m,i zmz mi

(6)

S.t. Z Zﬂ =1,V1,,1, (6a)
2y Xigy < B Vit (6b)
V> ”Z,Vz 750, t, (6¢)

i 2 Xfﬂ,Vz,], m,i,t, (6d)

Uztmz 2 Xfﬂ,Vz 7,m, i, t, (6)

var. Wvlt tOt e {01, 68

where E! = D! — Y! Given Y, we can simplify the
expressions in the model by replacing V;; with V', dj; with
,and 37, V5 > Xfﬂ with V! > X’sz We can also replace
Constramt (Sk) with Constraint (6f) since &Omz = 0 and the
value of UOW has no impact on the objective function Hg.
We obtain the “innermost problem” of heterogeneous online

transfer learning:

Min H :Zz,],i A\zﬂj&zgi + Zl,m,i ‘ﬁzmiszmi
+Zm7i Amitlm; + Zi d;V; @)

st 3, Xy = 1,1, 7, (7a)
o, Xui < Ei Vi, (7b)
7= R (7c)
Ui > Xoyi, Vi, 3,m, 0, (7d)
Upmi > X0, V1, 3,m, (7e)
var. Xy, Vi, thmi, Upmi € {0, 1} (7)

By relaxing the binary variables X’W-, Vi, Ui, and l?“m- into
real domains and introducing dual variables ,;, S;, 047i» Vsjim,
and ®,,;,,, for (7a)~(7e), respectively, we can express the
Lagrange dual problem as

Max Hg=— Z Eisi — ZL WY ®)
S.t. 121\1]7; + G + Ray + O2yi

+ 3 Vigim + Do Pagim > 0,V2,4,7,  (8a)
Doy Ougi < i, Vi, (8b)
Zw Vagim < dpmi, VM, 4, (8c)
ZJ Dyyim < dymi, V1, M, 0, (8d)
Var. G, 0ugis Vagim, Pagim > 0, Ky € R. (8e)

We design Algorithm 5 to simultaneously construct integral
feasible solutions to the primal problem (7) and feasible solu-
tions to the dual problem (8). In Algorithm 5, Lines 4 ~ 11,
we cautiously maintain feasible solutions to both the primal
and the dual problems, where AFE; is defined as the number
of classifiers that edge 7 hosts, and @ = max;c[7{E;}. Lines
12 ~ 20 update the variables U,pmi, Upi, X,pi and V.

We then design Algorithms 6 and 7 to determine in real-time
the classifier placement with data dispatching and inference
aggregation at each time slot. Note that although Algorithms 6
and 7 have a similar structure compared to Algorithms 2 and 3,
the underlying idea has changed as described at the beginning
of this section. Regarding the notations, we use X'&-, Xt o,

AX_sc, Ybo, Yl oo and AY_gc, to replace Xk, X o,

Algorithm 5: Classifier One-Shot Placement
Input: A, dii, d;, Vi, E; = D; =Y,

1 Initialize: Rags Sis Ougis Urgims (b”in»“ AEZ =0

2 for 2 € {0,1} do

3 for y € [K,] do
4 it = argmznze[j (Am +¢ + K + Z?,Iglm +
S dumi

5 while AE;+ +1 > E;+ do
6 [1] = [I)\i*; .
7 it = aT’gm’ane[[ (Az_]i + G + g,d*}l( +

Z dm7, ,m rmi .

3k T 3K );
s i =4t AEz* = AE;« +1;
Gir = G+ (1 + ) +
A1J1*+d /3K+E dppi* /3K+Z7, m dami* /SK
E;w ’
10 Rqy =
« Ay i* Zq, m domi*
(G A + i+ St 4 Smgpnly;

11 Xzyz* =1 y Umix = 1
12 if : == 1 then
13 Unni* - 17 U7ni* = 1’
14 if ) > K then
15 L Xop—rir = Xogis
16 else
17 L Xogir = Xogirs
18 else
19 L U'Lmi* = 1;
2 | Vie =1 (e, Vis; =1 where Y; = 1);

Output: X,U, u, V

TABLE IV: Abbreviative Notations for Heterogeneous Case

Notation Definition
;r;c me Cl«ki[xfm - ka11]+
Xlse > k1Afh1X1tk1 +Z1]dij‘/v1tj
+ 2 i Dmitims T 2 i Gmi Ui
AX_sc | LT,
yfsc Zl C; [Yit - Yit71]+
Ylse Xéo +Xlge + 3, BiY + 32, 2d,, Y]
AY_sc | SV Y56

AX_gc, Yio, Y g and AY_gc. For the quick reference,
we have summarized these new notations in Table IV.

Learning Control: We describe our heterogeneous online
transfer learning algorithm, i.e., Algorithm 8. This algorithm
has four steps: weights update, label inference, parameters
update, and online classifiers update. First, at each time slot,
we invoke Algorithm 5 to find all the classifiers’ placements
in Line 3, and for the current data sample, we split the
corresponding data instance pf, into two parts: pi, =~ €
R* (L = Piim, Vt, k,m) and ph, € R°/RF, as in Line
5. We determine the weight for the base decision function
ftem (ly,,) in Line 7, and determine the weight for the strong
classifier #/;,,(pl,) in Line 8. Then, for this data sample, we
calculate the value of the strong classifier #/, (pl,) in Line
10, and conduct the joint inference as a weighted sum of the



Algorithm 6: Conditional Classifier Placement

Algorithm 8: Heterogeneous Online Transfer Learning

Input: Y AI_SC, -
1 given Y, get Xt Ut ut, Vi by invoking Algorithm
5;
2 if ISC(Xt,Xt) <
Xt = Xt;
AI_SC = IESC(}‘(/K Ifjtvaza ‘//‘:%) 5
t= t;

1
s AX_sc then

else

Xt — XE;

set U?, u® and V' according to X and Y'?;

L AX_sc =AX_sc + IiSC(Xt, Ut,ut, Vt);
Output: X!, Ut, u!, V*t, ¢

=TI B L7 B “NE

Algorithm 7: Inference Aggregation Placement

Input Ay_sc,l? {
1 for i € [I] do
2 sethasYt—landYt_Oforj;éz
3 given Yt get X Xt Ut ult Vi by invoking
Algorithm 6;
: t t 1
4 | if USC(Y’;,/Y ) < 5 AlY_sc then
Yi=Y¢
VAnyC = yﬁsc(Xt7 th Ut? ’u’t7 Vt)’
t=t;
else
Yt = Yf.
10 given Y, get Xt,U*, u’, V' by invoking
Algorithm 6;
1 AY_sc =
Ayfsc' + yESC(Xta Yt> Ut> uta Vt)’
2 | H'yy =Yoo+ VYies
13 find the minimum H* ;;,, for all ¢ and its
Xt Yt Ut ut Vt.
Output: X!, Y, U, ut, V', i,

N-T--HE N B N0 ]

strong classifiers’ results in Line 11. As receiving the ground-
truth label in Line 12, we next decrease the weights of those
classifiers which misclassify the instances in Lines 15 ~ 23.
Finally, we update online classifiers based on their loss on the
current data sample, as in Lines 25 ~ 30.

D. Performance Analysis

Our analysis is organized as follows. First, by Lemma 2,
we show that Algorithm 5 is a polynomial-time algorithm
producing the feasible solution to the problem (7). Second, by
Theorem 4 on top of Lemma 2, we derive the approximation
ratio 74 of Algorithm 5. Then, by Theorem 5, we show that
the total number of the mistakes incurred by the heterogeneous
online transfer learning possesses an upper bound. Finally, by
Theorem 6, we show the competitive ratio of Algorithm 8.

Lemma 2. Algorithm 5 returns feasible solutions to both the
problem (7) and the problem (8) in the polynomial time.

Input: offline classifiers fj,,(+), trade-off C, and
weight discount 81, 3 € (0,1)
1 Initialize: t = 1, { = =0, fl,, =0, /3,0 =0
Viko = 1/3, G = 1/K
2 fort=1,2,....,7T do
3 invoke Algorithm 7 to obtain Xt Y?;

4 for m =0,1,..., M*! do
5 Split pt, into two instance:

ptlkm(pgk'm = pikrm Vtﬂ k7 m)7p§km >
6 > Weights update
7 Wt /km/z w/km’ }/it =1

tkim = +
0, Yi=0
8 P]ﬁ — leﬂn/ Zk lemw Yvit =1
m O, }/'Lf — O

9 > Label inference
10 gkzzszm(pm) - ' .

529”(2 LkanSZgn(kam(kam)));
11 calculate inference:

éfn = SZgTL |: Zk Zz’ Plzlmglgzm(pin)} 5
12 receive ground-truth: ¢, € {—1,+1};
13 for k=1,2,..., K do
14 > Parameters update
15 for . =0,1,2 do
16 if sign(qt, flm (Plim)) < O then
iy wfkm-i—l = /B2
18 else
19 L wfkm.Jrl = thkm;
20 if sign(qt, >, Ftin(Ph)) < O then
22 else
23 L <l§:m+l = Clim’
24 > Online classifiers update
25 for . =1,2 do
26 calculate loss:

=11 = @/ im Pl
27 if I’ > 0 then
28 ftkm+1
1km + abmquk L(p1 kpw ) where
a”n o mln{G; Kk L(kanL’kavn)}

29 else
30 L kaerl ka:m’

Proof. A solution is feasible for a problem if the solution
satisfies the problem’s constraints. For (7), (7a) is satisfied
by Line 11. Lines 5~6 ensure no violation of the edge
capacity limit, i.e., (7b). Once the edges to host classifiers are
determined, (7c¢) and (7d) are also satisfied, following Lines 11
and 20. Lines 13 and 19 guarantee (7¢). For (8), this inequality
Zz ZJ(K‘U +G+ Azgi) + dz + Zm dmz + Zb,m ‘Qbmi >0 is
constructed based on (8a), (8b), (8c) and (8d), guaranteeing
they are satisfied according to Lines 4~7. As for the time



complexity of Algorithm 5, the for loop runs 3K times, and
the while loop in the for loop runs at most I times according
to its termination condition AF;+ + 1 > E;+. Thus, the total
time complexity is O(KI). O

Theorem 4. Algorithm 5 is an r4-approximation algorithm to
the problem (7), i.e., Hy < rqyHZ, where ry = =<

w—1"
Proof. See Appendix D. O

We introduce several new notations to simplify our de-
scriptions. Now, we split Hs, the objective function of
(5), as Hs S (HYyy + Hbpypy), where Hi, o =
Zm H{Sign[qgn (Zkz Plzzm kzm(p?m))} < 0}
= ZL Zk Zz( ki Lk? + CLkZ[XLkZ - Xfl;z }+) +
S (B! + CilY! =Y ) + 30, 50 (dh (uys + 2Y7)) +
i dEVE + 30, 30 d, U We also use Hiry, and
H'™,;\, to denote their optimal values.

and

t
HfHJW

Theorem 5. Algorithm 8 incurs the total number of mistakes
as Y Hip < Yonin (4(53 Hﬁ? + 11“52 )(122[?1 + 1“12(1 ), where
YThin = mln{Tk} Tk = mm{A AR AEY. Here, AF =
Zt:l Em 0 H{SZgn qm Lkm(kam < 0}’VL € {O’ 1’ 2}’
I{ signg,ffem (Plym)] < O} indicates whether the inference
computed by the offline or online classifier is wrong for the
data sample m of the time slot t, respectively, as in Algorithm
8.

Proof. See Appendix E. O

Theorem 6. Algorithm 8 is an R-competitive online algorithm
to the problem (5), i.e., Hs < RHZ, where R = max {r5, 76},
_ 4(12—21322 + 111152)(124;31 + 1lnI8( )’ and rg = (1 + )(1 +
- +Q)mam)r401 Here, 81 and (s are constants in Algorlthm
8 p1 and ps are constants in Algorithms 6 and 7, as in
Algorithms 2 and 3; r4 is the approximation ratio of Algorlthm
5, as in Theorem 4; Dypq, = max{max,, kz{gAt =2}
mam{Zl & A‘;”—&-Z d,7+22 dm,}}
min; Z A ki

Proof. See Appendix F. O

and o1 = max;{

VI. EXPERIMENTAL STUDY
A. Experimental Settings

Transfer Learning Datasets: We use the text classification
dataset 20Newsgroups [29], which contains nearly 20,000
newsgroup documents with 61,188 unique words (i.e., fea-
tures), associated to multiple topics. Each topic has several
sub-topics, and each document has been labelled with one
and only one sub-topic. We consider the 8843 documents
associated to all the sub-topics of comp and sci, as in Table V.
We treat all the sub-topics of comp as the label of +1, and all
the sub-topics of sci as the label of —1. By matching one sub-
topic from +1 with another sub-topic from —1, we have 20
pairs of sub-topics in total and for each of such pairs, we can
train a Support Vector Machine (SVM). All our evaluations use
this dataset by default, unless explicitly specified otherwise.

We also use the dataset Wine Reviews [30], which con-
tains 130,000 reviews with the information on variety, location,
winery, price, points, and description. We use description

TABLE V: Sub-topics of Documents

Label of +1 Label of —1
comp.graphics sci.crypt
comp.os.ms-windows.misc | sci.electronics
comp.sys.ibm.pc.hardware sci.med
comp.sys.mac.hardware sci.space
comp.windows.x

as the feature and treat points no less than 90 as the label
+1, and points less than 90 as the label —1. We use
country to identify the top twelve countries with the highest
data volume. For each of these countries, we can train an SVM.

Transfer Learning Classifiers: For the first dataset as
aforementioned, for the homogeneous transfer learning setting,
we select the SVM with comp.windows.x and sci.space as our
online classifier (with a linear kernel function) to be trained,
and the rest 19 SVMs as our existing offline classifiers. For the
heterogeneous transfer learning setting, we select the rest 19
SVMs as our offline classifiers. The feature space is divided
into 19 portions on average, corresponding to the feature space
of each offline classifier. We select the 38 SVMs as our online
classifier (with a linear kernel function) to be trained.

For the second dataset as aforementioned, for the homoge-
neous transfer learning setting, we select the SVM with US
as our online classifier (with a linear kernel function) to be
trained, and the remaining 11 SVMs as our existing offline
classifiers. For the heterogeneous transfer learning setting,
we select the remaining 11 SVMs as our offline classifiers.
The feature space is divided into 11 portions on average,
corresponding to the feature space of each offline classifier.
We select the 22 SVMs as our online classifiers (with a linear
kernel function) to be trained.

We note that in the heterogeneous case, two online clas-
sifiers correspond to one offline classifier, where one online
classifier is trained with the same features as the offline
classifier and the other is trained with the remaining features.

Edge Networks and Data Samples: We adopt the data of the
268 underground stations in London with dynamic passenger
counts [26]. We choose the first 25 stations based on the total
passenger count at each station, and envisage that each of such
stations has an edge. We study the system for 7' = 24 hours
and set the length of a single time slot as 15 minutes. We
consider one document as one data sample. Based on the ratio
of the passenger count at each edge in each time slot over the
total passenger count across all edges and time slots, we spread
the 8843 documents proportionally. We use the geographical
distance [27] to estimate the network delay between the two
edges. We set the dynamic operational cost as within [2, 8]
cents/kWh, following the wholesale electricity prices [28]. We
vary the unit start-up cost as multiplied by a weight in order
to demonstrate a spectrum of different results. Note that the
operational and start-up costs for both the homogeneous and
heterogeneous settings are the same. We assume that each edge
can host 2~8 VMs or classifiers at most.

Algorithms and Implementation: We implement the fol-
lowing algorithms for comparison: (i) Proposed refers to
our proposed homogeneous or heterogeneous online transfer
learning algorithms; (ii) Delay_only chooses edges for clas-
sifiers only based on optimizing delay regardless of other costs,
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and directly downloads classifiers and/or preparing VMs as
the one-shot optimum indicates (i.e., without postponing start-
up); (iii) OC_only chooses edges only based on optimizing
operational cost regardless of others and without postponing
state switching; (iv) Random selects edges randomly without
considering any cost optimization; (v) OLSA is a state-of-the-
art method that selects edges based on delay, operational cost,
and start-up cost via a so-called lazy switching strategy [31].

We also adopt and implement state-of-the-art homogeneous
and heterogeneous online transfer learning algorithms for
comparison. For homogeneous settings, we implement (i)
HomOTL_1 [32], (ii) HomOTL_2 [32], and (iii) OMTL_MC
[33], which all dynamically update the combination weights
for the classifiers according to their performance. HomOTL_1
uses a fixed combination of online and offline classifiers, while
HomOTL_2 adjusts the weights based on prediction mistakes.
OMTL_MC employs a two-stage ensemble strategy by first
combining each offline classifier with the online classifier,
and then aggregating the resulting models. For heterogeneous
settings, we implement (iv) HetOTL_3 [32], which partitions
the feature space and uses separate classifiers for each part,
updating their weights based on prediction mistakes, and (v)
OHKT, which is an approach that predicts the combination
weights via SVM [34].

Our implementation includes around 9,000 lines of Python
codes, and we conduct all evaluations on a commodity laptop
with an Intel Core i5 2.9-GHz CPU and 8-GB RAM.

B. Results for Homogeneous Setting

Total Cost: Fig. 4 visualizes the total cost of the different
algorithms per time slot as time goes. Proposed always
has the lowest total cost, achieving 47% less total cost than
Delay_only, 61% less total cost than OC_only, 54% less
total cost than Random, and 46% less total cost than OLSA.
This improvement comes from our method’s ability to jointly
optimize delay, operational cost, and start-up cost. In contrast,

Fig. 10: Switching Operations Fig. 11: Execution Time

Delay_only and OC_only overlook important cost com-
ponents, resulting in either high latency or frequent switching.
Random performs worst due to its lack of optimization, while
OLSA considers multiple costs but lacks joint optimization of
system capacity constraints in the online setting.

Impact of Operational Cost and Delay: Fig. 5 and Fig.
6 compare the total cost incurred by different algorithms
as the weight of the operational cost and the weight of
the delay varies, respectively. Proposed beats others no
matter how these weights change. In Fig. 5, OC_only which
only optimizes operational cost embodies more advantages
compared to Delay_only and Random, and is getting
closer to OLSA because the weight of the operational cost
increases; yet, as the operational cost becomes more weighted,
Proposed still outperforms all others by balancing among
the different cost components. The maximum cost reduction
of Proposed is 51.3% compared to Delay_only, 37.3%
compared to OC_only, 63.1% compared to Random, and
37.0% compared to OLSA. In Fig. 6, Proposed yields the
maximum reduction of 48.3%, 61.5%, 55.6%, and 48.2%
compared to Delay_only, OC_only, Random, and OLSA.

Impact of Start-up Cost: Fig. 7 compares the normalized
total costs of different algorithms as the weight on the start-
up cost varies. Proposed beats all others. Proposed beats
Delay_only and OC_only because the latter always pursue
one-shot optimum in each time slot and essentially neglect
the start-up cost. Thus, as the weight grows (i.e., the start-up
becomes more dominating), Proposed becomes better. The
maximum cost reduction of Proposed is 300% compared
to Delay_only, 450% compared to OC_only, 500% com-
pared to Random, and 75% compared to OLSA.

Impact of po: Fig. 8 investigates how py affects the total
cost. Algorithm 2 is controlled by its parameter py, which is
used to compare the cumulative non-start-up cost against the
start-up cost and then determine whether to change the offline
classifier placement. The total cost decreases as p, goes up



when below 10, and as py goes down when exceeding 10,
respectively. A smaller py incurs frequent switches and a larger
p2 means a stricter criterion for the switch, both of which could
lead to suboptimal costs. Therefore, po needs to be carefully
configured to prevent the suboptimums.

Cost Dissection: Fig. 9 illustrates each cost component
as the weights associated to the start-up cost, the operating
cost, and the delay vary. We see that the larger the weight
is, the smaller the corresponding cost becomes. That is, our
approach can indeed work with different weight configurations
to optimize different cost components to different extents. The
weight configurations can be controlled by the service provider
following its own needs and preferences.

Switching Operations: Fig. 10 shows how the variation
of the weight of the start-up cost, denoted as w, influences
the total number of the occurrences of state switching for the
online classifier (i.e., preparing VMs) and the offline classifiers
(i.e., downloading classifiers plus preparing VMs). In this
figure, 1 means new and different decisions are applied to
the current time slot; 0 means decisions of the previous time
slot are applied to the current time slot. Our approach incurs
more frequent state switching (i.e., there are more 1s than Os)
when w is small because the state switching criterion can be
satisfied easily, and leads to less frequent state switching as w
becomes larger, due to a stricter criterion.

Execution Time: Fig. 11 depicts the cumulative distribution
of the execution time of each of our proposed algorithms. Al-
gorithms 1~3 can finish within several seconds per 15-minute-
long single time slot. For the time horizon of 24 hours, it takes
no more than 7.1 minutes in total to finish across all time slots,
which includes the homogeneous transfer learning process.
Hence, our proposed algorithms are practically efficient.

Mistakes of Homogeneous Transfer Learning: Fig. 12
presents the rate of the mistakes (i.e., the ratio of the number
of incorrect inferences compared to the ground-truth over the
total number of inferences). With both datasets, Proposed
is always effective in transferring knowledge from existing
classifiers, with an acceptable rate of mistakes lower than those
of HomOTL_1, HomOTL_2, and OMTL_MC. This benefits
from our adaptive weight update strategy, which exponentially
downweights misclassified results, allowing our algorithm
to focus more on reliable classifiers and adapt quickly to
changing data.

C. Results for Heterogeneous Setting

Cost of Heterogeneous Transfer Learning: We omit the
visualization of such results here because we observe similar
trends in the heterogeneous transfer learning setting compared
to Fig. 5, Fig. 6, Fig. 8, Fig. 7 and Fig. 9 in the homogeneous
transfer learning setting. It takes no more than 8 minutes in
total to finish running Algorithms 5, 6, 7, and 8.

Mistakes of Heterogeneous Transfer Learning: Fig. 13
presents the rate of the mistakes of different algorithms for
different datasets. Proposed has lower mistake rates than
those other heterogeneous transfer learning algorithms. This is
attributed to the hierarchical integration of offline and online
classifiers and the adaptive weight updates, which enhance

reliable predictions and suppress erroneous ones for stable
performance across dynamic environments.

Impact of Feature Spaces of Offline Classifiers: Fig. 14
reflects the impact of the feature spaces of the offline classifiers
on the mistake rate. The mistake rate drops as the feature
spaces of the offline classifiers become larger. This implies that
the more information about the features we have, the better
inference accuracy we can achieve in transfer learning.

Edge Occupation: In Fig. 15, we compare the number of
edges occupied by offline and online classifiers in each time
slot in both homogeneous and heterogeneous settings. In the
homogeneous setting, the number of edges occupied by offline
classifiers is 15 or less, while the number of edges occupied
by online classifiers is only 1. In the heterogeneous setting,
online classifiers occupy more edges than offline classifiers
due to the greater number of online classifiers compared to
offline classifiers. Across the two settings, the offline classifiers
occupy a similarly varying number of the edges.

VII. RELATED WORK

We discuss existing research in two groups, and for each
group, we highlight its insufficiency compared to our work.

Transfer Learning Methods and Systems: Daga et al. [8]
designed a distributed transfer learning system for adapting to
varying workload and data shift. Wu et al. [14] proposed online
transfer learning for both homogeneous and heterogeneous
environments. Yang et al. [15] focused on evaluating which
source domain could be more suitable for transfer learning
and the amount of knowledge transferred. Ding et al. [16]
studied the minimization of the divergence among different
sources by realizing cross-domain and cross-source knowledge
transfer. Yang et al. [17] minimized domain discrepancy by
promoting positive knowledge and decreasing the effect of
unrelated instances. Yan et al. [18] introduced neural data
servers to select relevant data in the transfer learning process.

These works focus on transfer learning, and almost all of
them neglect resource usage and cost minimization from the
systems perspective. The last work mentioned above is not
typically for the cloud-edge and 5G environments.

Cloud-Edge System and Network Optimization: Castellano
et al. [19] explored optimal partitioning of shared resources
in heterogeneous edge networks. Wang et al. [20] studied
online resource allocation for edge computing in response to
high dynamism of user mobility. Tu et al. [21] developed
distributed learning optimization of the costs associated to
device processing, offloading, and data disgarding. Meng et
al. [22] optimized bandwidth and computing resource for
deadline-restricted tasks. You et al. [23] explored dynamic
resource provisioning in edge networks. Zhou et al. [24]
proposed an online framework for cost-efficiency of cross-edge
service functions. Han et al. [25] minimized the response time
for latency-sensitive jobs in edge-cloud computing.

These works study cloud-edge systems and networks, but
are unfortunately not about (distributed) transfer learning
which has unique computing and and communication pattern.
Thus, such existing research generally do not apply.
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VIII. CONCLUSION

Transfer learning is a useful and important technique, yet

gets
tion
both

largely overlooked in the context of mobile communica-
networks. This paper aims to bridge this gap. We consider
homogeneous and heterogeneous online transfer learning

settings and formulate non-linear mixed-integer programs by
considering operational cost of edges, delay of networks, start-
up cost of downloading classifiers and preparing local edge en-
vironments, and the performance of transfer learning in terms
of the mistakes of the combined classifiers. We design online
optimization algorithms and prove their theoretical guarantees.
Using real-world data, we conduct extensive expriments and
validate the practical efficacy and efficiency of our algorithms.
For future work, we intend to further explore transfer learning

that

involves pre-trained foundation models such as the Large

Language Models (LLMs) in the cloud-edge environments.
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APPENDIX
A. Proof of Theorem 1

Proof. Let AP and AD denote the increment of the
objective function in the problem (3) and (4), respec-
tively, AD = —(Agx + Qi+Ad;+), where Ady+ = ‘ZT +
ai*’*’*ldi*/Kfz"" dmi=/K gtands for the increment in &;+. Thus,
we have AD = —(\er +Qi=Adi-) = A - Qi(F +
agpx +d; */K+Zm d,m*/K) (1— 7)(%%* n K n zdm ) =

SHAP. Let P* and D* denote the value of the obJectlve
funct1or1 in the problem (3) and (4) after handling the of-
ﬂine classifer k. Due to Hy = P Zk(Pk P’“‘l)

e Zk(D’“ DF 1)y = (DX - D% = A5 DK = A H,y
, followed by P and DO are 1n1t1al1zed w1th O an
duallty, we obtain r; = &

-1°
B. Proof of Theorem 2

a IA I

O

Proof. In order to simplify our proof, we introduce some new
symbols. We use p,, to identify nth data sample, use wg,, to
replace (j,, and ¢y,, where k € {1,..., K, K -1— 1} (including
the offline and online classifiers), use Py ., = - to denote
the normalized weight and my ., to denote the m1stakes of the
classifier k£, which are all updated as our Algorithm 4 shows.

Firstly, we prove that I{g, -4 < 0} =I{>", Pr,nmkn > 0.5}.
By assuming that there are only K classifiers predict correctly
(i.e., Sign(fk(pn)) = gn), We have g, = Sign(qn(Zf:H Prn —
S ot 41 Pem)). Then, based on Yo, Prn = 1, we obtain
Gn " Gn < 0 <+ Z}f:llpk;n - Zf;élJrl Pin <0 <=
S i1 Pen > 05 = Y, Peamin > 0.5.

Next, we have In(55252E0) = In(55, Pepf™n) < —(1 —
0)S",, Penmi . thus 1n(M2W) < (1 =0y P,

and have ln(&%) lower bounded as 1H(Zk7m) >
In(wp, 1020 k) = ln(K+1) + >, mrn1n(9). Based on the
above, we have Z]m Pronmin < In(1/6) %, ;ricén+ln(K+1) <
(/O min HNKHL) - Rinally, we upper bound the mistakes as
S Han 4o < 0} <237, Ponmiey, < 220/ mind2n(5])
When we set 8 = v/ (vTmin -+ /I(K F 1)), we further

obtain (2 +21/2In(K + 1)) Tmin + 2In(K + 1). O
C. Proof of Theorem 3

: t : 1
Proof. Firstly, the start-up cost Xgo is no more than -

times AX_gc within [£,¢ — 1]. Hence we have >, X5 <

izt X’ g as the worst case, i.e., the change of offline
classifier placement always happens at each t¢. Similarly, we

can obtain ), Yio < p ZtY sc- Then, we have >, H P <
S Yoe + 3, Y g < (14 p1)Zt Y¢ gc. Followed by the
constraints of Y,y = 1 and y; € {O 1} Vi, we have

X0+ 2, 2dm)yi < max{maxi g { o e h 2} Y, X g
and ZtY—SC _Z ( C'J’_Xt SC)J’_Ztl b£+z Qdmz)yz >
1+ i + Dimaz) th sc-

ot X—sc(Alg2(¥")
min et %50 (Alga(w) where Algs(-) refers

to Algorithm 2. We construct a new problem P, with Cy =
>k @kiThi + 30, o dmittms + 32, - dijui; and the constraints

of (16)~(1d), (If)~(1]), we can obtain "y F=sc Azl

minyfX sc(Alga(y?)) —
Max Py

Max Py Py Dy
MinPy * MnPe = B < pp» Where

Next we focus on —

Based on duality, we have

Py, is the problems which maximizes C, with (1d) (1g)
(1i), and Y, @r; < Qy,Vi, P> is minimization problem with
the same constraints as P;, and D; and D, are their dual
problems. We introduce the dual variables Xk, Oiy Ekijy Phim

and Ay, 6, & ekz,, Grim for Py and P, respectlvely By choosing

d; dmi mi
)\k—ak2+ J J+Z 5—05k2]— 7¢k2m—
and A\, = —a,k,é = Chij = Grim = 0, we obtain that
nax; ap;+ d1 +>X dmi .
DL ZXF {2k aritdy dij ' and define the ratio o as
2 manE
mmxz‘{zk akz‘l'z ij +Zm dnm}
maxi

min; Sp ke
Based on the abolze > H_u can be bounded as follows,

ZtH*M = ZtYSC+ZtY7$C < (1+ )ZtY SC <
1+ D)0+ oo + Dmae) 3, Xose < (1 i A+ -+
Dinaz)o y, ming: X_sc(Alg2(yh)) < rs- > H” pr, where 3 =
(1+ ﬁ)(l + i + Dimaz)ori. According to Theorem 2, we can
obtain 3=, Has < Ty (2RAAE2MUEHD Y — 4 . T, Finally,
we exhibit the competitive ratio r as follows, Hy =, (Hu +
H_ny) <ro ZtHM—l—mZt v <max{rs,r3} Hy. O

D. Proof of Theorem 4

Proof. Let AP and AD denote the increment of the

objective function in the problem (7) and (8), respec-
tively, AD = —(k,» + EixAg~), where Agx = Cé— +

AL*J* i* tdix /3K+Z7n Ai* /3K+Zz7n dymi* /3K

B stands for the incre-
Thus, we have AD = — (k,=,+ +E Agr) =

. A***+d*/3K+§ d « [BK+ * /3K

IS

Ko e Ez( 1: 2* %4 m Ymi em dami )
Zz m dami*

(1 — LY Apprir + o Zmlmi | Zemlmi®y . @-lAPp,
Let P* and D* denote the value of the objective function
in the problem (7) and (8) after handling the offline or
online classifier. We have H; = P** = > (P* — P* 1) =
=7 2p(DF =DM = = (D —D%) = =D = Hs <
—=-H;, followed by P° and D" initialized to 0; then, due to

duality, we obtain ry = —Z5.

ment in g;x.

O

E. Proof of Theorem 5

Proof. To simplify our proof, we introduce new symbols. We
use Fin to replace the strong classifier #;,,, use (k. to replace
Chns US€ Pyp = ZCk " to denote the normalized weight of
the strong class1ﬁer use mg,» to denote the mistakes of the
strong classifier £, which are all updated as our Algorithm 8
shows, and use ¢, and g, to denote the ground-truth label and
the inferred label for the data sample n.

Firstly, we prove that I{g, -G. < 0} =I{>", Pr,nmrn > 0.5}.
By assuming that there are only K classifiers predicting
correctly, we have G, = sign(gn (312, Prn — Z,f:élﬂ Py.n)).
Then, based on 3, Pon = 1, we obtain g¢n - Gn
<O = S Pen — it Pon <0= Y00 L P
> 0.5 <— Zk Pi.nmp,n > 0.5.

By convexity, it can be shown a” <1 — (1 — a)r for a > 0
and r € [0,1]. We can get S5 Crnt1 = Sory ConBy F"
Zszl Ck,n(l - (1 - /Bl)mk,n) = (Zk:1 Ck,n)(l - (1 -
B1) > Penmi,n). Applying repeatedly for n = 0,..,N
data samples, we have S5 Conver < [10_,(1 — (1 —
B1) > 1 Penmi,n) < exp(—(1— f1) ka Py nmp, ). Thus, we
further get 37, | Penmi,n < “InGokentt) Note Ck, N1 =

1-51
CkOHn 1By k"_Ckoﬂl Zk 1CkN+1>CkN+1—Ck0,31 ,
where L, =

>, Usign(ghFn(pn)) < 0). Then, we have




In¢ L;1nB
Zk,n PrnMmin < T MOk, 0T e P Yk, an Prnmin <

1-51
—1 . 0—Lmin L
W where Ly, = min{Ly}. Afterwards, we get

S {qn - Gn < 0} <22knPknmkn e
can be shown that In(1/8) < (1 — )/26 for g e (0,1]. We
(l:an obtain 3, . Prnmn < — 0k, 017/3;“”‘ nf1 o mlg(;;rﬁl) -
B0 We set f1 = v/Lmin/(vVLmin + VINK) and o = 1/K.
We can get me(1+51) 1;420 < Lmin+ 2vVIN K Lin + In K.
We obtain that Z H{gn - Gn < 0} < 23, Penmin <
2Lmin + 3V K L + 21n K. ’

We can also obtain Ly < Q(M + 11,“73),
where  YTmin = min{T*},T* = min {AO,A ALY Ak =
>t Zf‘f;o I{ sign (gt xm (Pirm)] < 0} . The proof is similar
to the preceding paragraph. We set B2 = v/ Trmin/ (v Tmin +
VIn3) and ¥4, = 1/3,0 € {0,1,2}. We can get Lumin <
2  min + 3vIn 3T min + 2103 .

Finally, we can get 3, Hyy < Im ’“2(51%1) - l?f’;;f <

. ((+81) In¢g.0 ) 1482 In3 \/148
me(Tll - 1—3; ) S Tmzn( ( 285 + 11‘,82)( 2/311 +
In K )) O
1-p177"

F. Proof of Theorem 6

Proof. Based on Theorem 3, we can get 1 = (1 + ﬁ)(l +

é + Dmaz)rac1, Where p; and pp are constants in Algo-

rithms 6 and 7; r4 is the approximation ratio of Algorithm
: ¢

5, as in Theorem 4; Dpar = max{max%k,t{wfﬁ}ﬂ};

max; {35, p Aukit2; dij+2 3, dmil :
—— : - . Accordin
min; Y ok Auki } g

to Theorem 5, we can obtain 3, Hun < Tonin(4(32 +
25 (58 4+ 25)) < 75 - Toin. Finally, we exhibit the
competitive ratio R as in Hs = > ,(Hgm + H-pnm) <
s >, Hifar + 16 > H 'y < max {rs, 76} Hs . O

and o1 = max{




