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Abstract—Motivated by Aol minimization in wireless net-
works, we study a variable-capacity version of the restless multi-
armed bandit (VC-RMAB) problem, where there is a global
state controlling both the available capacity and the agent state
transitions. The changing global state arises, e.g., where varying
interference levels affect the channel quality globally and/or
where the background traffic leads to varying available capacity.
Due to the presence of the global state, the classical Whittle index
policy cannot be used. We first propose new notions of Variable-
Capacity (VC) indexability, VC index and VC index policy. We
then introduce a new fluid limit that not only scales the system
size but also slows down the state evolution of the agents. Based
on this new fluid limit, we establish the asymptotic optimality
of the VC index policy. Further, we generalize the Active-Time
(AT) condition (a sufficient condition for Whittle indexability) to
VC indexability, and we use this new AT condition to establish
the VC indexability of the variable-capacity unreliable-channel
Aol minimization problem. Simulation results show that our
new VC index policy not only approaches asymptotic optimality
under our new fluid-limit scaling, but also outperforms other
baselines (including an approximate Whittle index policy) in non-
asymptotic regimes.

I. INTRODUCTION

Age of Information (Aol) is an important metric capturing
the freshness of information, which is crucial for many emerg-
ing applications (e.g., Internet of Things (IoT) [1] and Intel-
ligent Transportation Systems [2]). When a base-station (BS)
collects information updates from multiple sources through
a wireless channel, the resulting Aol minimization problem
is usually modeled as a Markov Decision Process (MDP),
or more specifically a Restless Multi-Arm Bandit (RMAB)
problem [3]-[8]. When the number of sources is large, this
problem is known to suffer from the curse-of-dimensionality,
i.e., its complexity increases exponentially with the problem
size. Whittle index policy [9] is very useful in decomposing
such an RMAB problem into sub-problems, which leads to
low-complexity and asymptotically optimal solutions. Due to
this reason, it has been widely used in the literature of Aol
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However, the use of Whittle index usually requires that the
problem follows some common structures. First, the problem
must be weakly-coupled [10], i.e., given the action of an agent,
its state-evolution is independent of all other agents in the
system. Second, the global capacity constraint that the agents
share need to be time-invariant. Unfortunately, many practical
problems, especially in wireless networks, do not follow these
two structural assumptions. For example, when the sources
transmit information to a base-station (BS), the interference
and noise level at the BS will affect the transmission success
probabilities of all sources [11]-[14]. As a result, the state-
evolution of a source given its action is no longer independent
of that of other sources. Instead, they are correlated through
this common dependency on the global interference/noise
level. Further, if the BS also serves other cross-traffic [15]—
[17], then the capacity available to the sources is no longer
time-invariant. In these situations where either or both of the
two structural assumptions are violated, one can no longer use
the Whittle index.

In this paper, we are precisely interested in such a setting,
i.e., a multi-agent scheduling problem with a time-varying
global state that affects both the available capacity in the
system and the local state-transition probability of each agent.
Following the MDP formulation, we assume that this global
state also changes in a Markovian manner. We refer to
this problem as the Variable-Capacity Restless Multi-Armed
Bandit (VC-RMAB) problem. In the examples above, this
global state can capture both the change in the interference
and noise level at the BS and the available capacity. We note
that our VC-RMAB problem is equivalent to the contextual
RMAB problem studied in [18], where our global state can
be viewed as the context in [18]. Although [18] proposes a
heuristic index policy, it does not provide analytical results
on the conditions under which the heuristic index policy is
asymptotically optimal (see further discussions in Remark 1).
In contrast, our goal in this paper is to extend the Whittle
index to this more-general setting and study its asymptotic
optimality analytically.

Specifically, based on a similar relaxation as in [18], in
this paper we first propose concepts of variable-capacity (VC)
index, VC indexability and VC index policy, which generalize
the corresponding notions from Whittle index. Unfortunately,
the asymptotic optimality of the VC index policy is more



difficult to establish due to the global state dependency and
capacity variation. Note that for the Whittle index policy, its
asymptotic-optimality is usually established under a fluid limit
that scales both the number of agents and the capacity by
a large factor [19]-[21]. In the standard RMAB problem,
such a scaling averages out the stochasticity of each local
agent. However, it does not average out the stochasticity of the
global state in our VC-RMAB problem. As a result, we cannot
establish the asymptotic optimality of the VC index policy
under this scaling (See Sec. IV-A for a concrete example). To
overcome such difficulty, we propose a new fluid limit that
not only scales up the system size, but also slows down the
evolution of the per-agent MDPs. Under this new scaling, we
are able to show the asymptotic optimality of the VC index
policy. Practically, this new scaling implies that our VC index
policy is more likely to be close-to-optimal when the global
state evolves faster compared to the local state.

We then apply our new VC index to the variable-capacity
unreliable-channel Aol minimization problem. By generalizing
the Active-Time condition from [22], [23], we show that the
VC indexability holds for the Aol minimization problem, and
therefore our VC index policy can be used. Through extensive
numerical results, we show that the proposed VC index policy
not only approaches asymptotic optimality under our new fluid
scaling, but also outperforms a trivial extension of the classical
Whittle index policy in non-asymptotic regimes.

II. SYSTEM MODEL

We first introduce the Aol minimization problem with a
global state and variable capacity. Consider a BS that is
responsible for collecting the status update from N infor-
mation sources. Assume that time is slotted, such that each
transmission takes exactly one unit of time. The most notable
feature that differentiates our VC-RMAB problem from the
well-known RMAB problems is a time-varying global state
that affects both the available capacity and the agents’ state
transitions. Specifically, we assume that the global state at
time-slot ¢ is #; € O, which is fixed within each time slot ¢
and known at the beginning of the slot. We further assume
that the global state 6, evolves according to a Markov chain
with known state transition probabilities given by

Pr{f,41 = 0'|0, = 0} = poor, V0,0’ € ©. (1)

We collect pgg: into a global state transition matrix P® ¢
RI®IXI®l The global state #; affects the available capacity
through the mapping C' : © — N, i.e., given the global state
at 0;, the BS can schedule at most C, sources for transmission
time slot ¢. We further assume that Cy < N for all § € ©.
Next, we model the status updates in a generate-at-will
unreliable-channel Aol minimization problem [3] and describe
how the global state also affects the state transitions. Specifi-
cally, in the generate-at-will setting, every source always has
an up-to-date status-packet available. Denote uj = 1 when
the BS schedules a transmission from UE n at time ¢, and
uy = 0, otherwise. The hard capacity constraint requires
that ) up < Cp, for all time ¢. However, due to wireless

imperfection, each transmission is unreliable, whose success
probability also depends on the global state. Specifically, we
assume that every packet transmission from source n succeeds
with probability g7 € (0, 1] if the global state is §. Define
hi to be the Aol of source n at time ¢, which is the time
elapsed from the generation time of the last received packet at
the BS to the current time ¢. In the general-at-will model,
the Aol of source n will reduce to 1 if the transmission
from source m succeeds, or increase by 1, otherwise. For
technical reasons, we restrict the maximum Aol to be 5. Let
nx(h) = min{h+1, h}. The Aol evolution of source n is thus

1
h'n/ —
s {nx(h)

We can now formulate the Aol minimization problem for
the above system as a multi-agent MDP problem, where each
agent denotes a source. Recall that the global state 0; follows a
Markov chain that is independent of the scheduling decisions.
Let hy = [h{,...,h}]] be the vector of all sources’ Aol and
let S; = (hy, 0;) be the overall system state at time ¢. Denote
the overall system action as U(t) = {u},..,u]N} € A =
{0 1}V, Let policy 7 be a mapping from the system state
S to the system action U. Let v"(-) : N — R be a strictly
increasing function representing the penalty cost on the Aol
of source n. Let N' = {1,..., N} denote the set of all N
sources. Our objective is to minimize the expected average
cost of all sources, i.e.,

uy =1 and transmission succeeds, @)

otherwise.

min lim sup — Z Z ]EW[ (h) } (3a)
T T t 0 neN
N
s.t. Z uy < Cy,, for all time ¢, (3b)

n=1
where E™[-] denotes the expectation under policy 7.

At this point, it should also be clear that our Aol mini-
mization problem is a special case of a more general RMAB
problem with variable capacity, where we can replace the Aol
state hy by a general local state si, replace the Aol penalty
in (3) by a general per-stage cost c" (s}, 0, u}"), and replace
(2) by arbitrary state transition laws P° and P'. We then refer
to the problem below as the Variable-Capacity RMAB (VC-
RMAB) problem:

mlnhmsup—z Z E’T[ (sy, 0, uy ))} (4a)
T T—oo =0 neN
N
s.t. anl uy < Cy,, for all time ¢. (4b)

ITII. VARIABLE-CAPACITY (VC) INDEXABILITY AND VC
INDEX POLICY

The first step of developing the classical Whittle index
usually involves relaxing the (hard) instantaneous capacity
constraint (like (4b)) into a (soft) constraint averaged across
time. Similar to [18], we relax the capacity constraint (4b)
only across the time-slots corresponding to each value of the
global state 6. Specifically, we first define 7y as the subset of



time slots where 0; = 6, ie., T9 = {t = 1,2,....,T)6; = 6}.
We then relax (4b) across each Ty, § € O, separately. The
resulting relaxed problem becomes

T
m_gnlimsup%z Z Eﬁ[ n(S?aet,U?))}»

(5a)
T— o0 t—O neN
s.t. limsup — Z ZE”{ut} <y, V0 € 6. (5b)
T—oo |7:9| teTo neEN

Our new index is then developed based on this new re-
laxation. Associating dual cost \j to each (5b) and letting
Ao = ApT/|Tg|, we obtain the Lagrangian as

min lim sup — Z Z E’T[ (sy, 0, uy) + uy )\gt:| (6)
T T—oo f 0 neN
Then, we can decompose (6) into per-agent MDPs:
min lim sup — Z {c"(s?7 O, uy) + u?)\gt] .
T T—oo

The dual cost Ag can be interpreted as the price of scheduling
an agent when the system state is ¢. The per-gent problem
(7) is also an MDP, but with a much smaller size. We note
that (7) differs from the per-agent MDP in classical RMAB
problem, as the second term uj' \g, now also depends on the
time-varying global state 6,. Interestmgly, (7) resembles the
partial index [24], a recent generalization of Whittle index to
the multiple resource constraints. Specifically, in [24], there
are multiple channel-types, each channel-type corresponds to
a dual price. In our paper, there are multiple global states,
each state corresponds to a dual price. However, unlike [24]
where the channel-types are deterministic, here the global state
evolves according to a random Markov chain. Due to this
reason, the performance analysis later in Section IV will be
different.

A. The VC Index Approach

We are now ready to formulate the new notions of VC
indexability and VC index policy based on the per-agent MDP
(7). Let 8™ be the space of the local state of agent n. Let H}”
be the set of optimal policies that attain the minimum in (7)
for agent n. Given agent n, global state ¢ and dual costs X,
define the VC passive set Py (A ) for agent n with respect to
0 as follows.

Pr(X) = {s" csn

Ir* € I st 7% (s7, 6) = o}. ®)

That is, the VC passive set is the set of local state s” such
that action 0 is an optimal action at state (s", ).

Next we will change the value of )\g to Ao while keeping
other dual costs fixed. For ease of notation, we denote A =
Ao, X_g], where X_g denotes all other dual costs except Ag.

We can then define the VC indexability as follows.

Definition 1 (VC Indexability). The VC Indexability holds if
Py (X) is monotonically expanding in Mg, for alln =1, ..., N,
0 €O and A_g € RII-L,

Assuming that VC indexability holds, we can then define
the VC index.

Definition 2 (VC Index). For agent n, state s" € 8" and
dual cost vector A_g (i.e., dual costs other than \y), the VC
index I} (s, A_g) is defined as

I3 (s™, X_g) = inf{\g € R|s" € P} ([N, A_q])}. (9)

Inspired by the Whittle index policy, we aim to schedule
users with higher VC indices while satisfying the resource
constraint at each time. Note that at time ¢, the global state 6,
is revealed. Thus, we can formulate our scheduling decision
as an optimization problem as follows. Let zj be the binary
scheduling decision of agent n and wy = 1915 (s?,X_g,) be
a weight equal to the VC index defined in (9) given the
current global state 0; and local agent state s;'. We then solve
the following optimization problem, which activates the Cp,
agents with the highest VC indices at time :

N

ma, wy 24 (10a)
2)=L3, 2 e 0%
N
st Y 2, <Co, (10b)
2y, €{0,1}, forn e N. (10c)

Let 7(t) denote the optimal Lagrange multiplier associated
with (10b). Our VC Index policy is presented in Algorithm 1.

Remark 1. We note that our VC index policy in Algorithm
1 is quite different from the heuristic index policy proposed
in [18]. The index policy in [18] uses the difference between
the state-action value function of the per-agent MDP (7) under
the active action and that under the passive action, when the
dual costs X are the optimal dual costs for the relaxed problem
(5). As a result, the index policy in [18] requires knowing the
optimal dual costs beforehand. It incurs additional overhead
to solve the relaxed problem in order to obtain these optimal
dual costs. In contrast, our VC index policy does not require
knowing the optimal dual costs. Due to this difference, our
VC index requires the crucial condition of VC indexability,
which we will study in Section V. Finally, we note that [18]
does not provide results on the conditions under which the
heuristic index policy is asymptotically optimal. (The analysis
in [18] only shows that the relative gap between the relaxed
problem and the optimal policy diminishes asymptotically to
zero under certain settings.) In contrast, below we will provide
a new fluid limit for the asymptotic optimality of our VC index
policy.

IV. PERFORMANCE ANALYSIS

In the literature, the asymptotic optimality of index policies
is usually shown through a fluid-limit scaling that increase
the system size, i.e., both the number of agents and the
capacities, by a large integer = [19]-[21], [24]. As E — oo,
the randomness of each agent’s state evolution is averaged
out. Then, one can describe the system dynamics under the
index policy by a deterministic differential equation, show
that its fixed point equals to the solution of the relaxed



Algorithm 1 VC Index policy

1: Initialize X(0).

2: for each epoch e do

3:  for each iteration ¢ do

4: Obtain ¢; and 5(t) = [s?'] and compute wy =
Iy (st X_g) according to (9) for each agent n.

5: Solve (10) and obtain the scheduling decision Z(t).

6: Assign resources according to @(t) = [u}] = Z(¢).

7. end for

8:  Update g for all § € © towards the optimal Lagrange
multiplier &/ associated with (10b), with step size v, i.e.,
Ao(t+1) =yAo(t) + (1 — y)vp(t).

9: end for

problem, and thus establish the asymptotic optimality of the
index policy. However, as we illustrate below, this standard
scaling no longer works for our VC-RMAB problem because
it cannot average out the randomness in the global state. We
will then propose a new fluid-limit scaling, based on which
the asymptotic optimality of the VC index policy can be
established.

A. Performance Gap under the Standard Fluid-Limit Scaling

We first use a concrete example to illustrate that, since the
standard fluid-limit scaling cannot average out the stochasticity
of the global state, there will likely exist a gap between the
performance of Algorithm 1 and the solution to the relaxed
problem (5). Consider the variable-capacity Aol minimization
problem introduced in Section IT with space © = {0, 1} of the
global state. When 6; = 0, assume that the capacity Cy = 0.
When 6 = 1, assume that the capacity C; = N/10, i.e., 10%
of sources can be scheduled at a time. For simplicity, suppose
that the channel is always reliable, i.e., gy = 1 for all n and all
0 € ©. We further assume that the global state follows a two-
state Markov chain that is slowly-varying, e.g., with transition
probabilities Poo = P11 — 0.999 and Po1 = P1o = 0.001.

Now consider at time 7, we have a global state transition
from 6,1 = 0 to 6, = 1. Due to the slow-varying nature of
our global state, we expect a long period (on average 1000
time slots) of Cy, = 0 before 7 — 1. Hence, we can expect
that the Aol of all sources will be very high, e.g., around
1000. Similarly, we can expect a long period of Cy, = N/10
after 7. For Algorithm 1, it has a hard capacity constraint
per-time-slot. Thus, it takes 10 time slots after 7 to schedule
all sources. At the end of the 10-th time-slot, the Aol of the
sources will be between 1 to 10. However, for the relaxed
problem (5), it capacity constraint for all time slot with § = 1
is relaxed. Thus, the solution of (5) may schedule all sources
at time 7 to transmit. As a result, all sources’ Aol may reduce
to 1 immediately after 7. Clearly, there is a gap between the
decisions under the VC index policy and the solutions to the
relaxed problem (5). Note that since the relaxed problem (5)
only provides a lower bound for the system cost, the above
gap may not directly imply that the VC index policy is not
asymptotically optimal. Nonetheless, since we have to rely

on the relaxed problem (5) for our performance analysis, it
appears difficult to establish the asymptotic optimality of the
VC index policy through the above fluid-limit scaling.

B. A New Fluid-Limit Scaling

To address this difficulty, below we propose a new fluid-
limit scaling for the VC-RMAB problem, which not only
increases the system-size, but also slows down the state-
transitions of the agents.

System-size scaling: This is the same as the standard
scaling, which increases both the number of agents and the
capacity by a large factor Z € NT. With a slight abuse of
notation, in this subsection we will use the original agent index
n to denote an agent-type, where each agent-type n now has
= instances of agents.

Agent-time scaling: Further, in our new scaling, the local
state transition matrix is also being scaled ®-times slower.
Specifically, let P,y € RIS"INXIS"IN denote the original
state-transition matrix for all agent types under action u and
global state 6. In our ®-scaled system, this transition matrix
becomes

P, = (1- )T+ P, )
where I is the identity matrix. Note that the transition matrix
P® of the global state § remains unchanged. To compensate
for this slow-down of agents’ state-transitions, we also let 7 =
t/® and replace v in line 8 of Algorithm 1 by ~/®. Due to
the above slow-down, however, the optimal dual costs 7 for
(10b) now also depends on ¢, which we denote by 7% for the
system with the scaling factor ®.

Fluid limit of Algorithm 1: Below, we will study the fluid-
limit of Algorithm 1 by first letting = — oo and then letting
® — oo. Letting = — oo allows us to analyze the evolution
of Algorithm 1 without worrying about the randomness of
each agent. Then, letting & — oo enables us to derive a
deterministic differential equation of the system dynamics
under Algorithm 1 without worrying about the randomness in
the global state ;. This differential equation then reveals the
structure of the fixed point of Algorithm 1 at the fluid-limit.

We first derive an equation describing the dynamics of
Algorithm 1 when = — oco. At each time slot ¢, we define
7®(t) € RIS"IN to be the vector of agent-state occupancy
measures, where 0% (¢) is the fraction of agents of type n
that are in state s. Since = — oo, there are infinitely many
agents and the mean field theory can be applied to &® (). Note
that Line 5 of Algorithm 1 can be viewed as a per-time-slot
function that maps the current agent-state occupancy measure
% (t), current global state §; and current dual costs Xtoa
decision vector Z(t) € RIOGIIXIS™IN where 27, (t) denotes
the portion of agents in type n and state s that are scheduled
to action u. In other words, it can be described as a function

fY¢ such that

Z(t) = (G2 (), 00, N(2)). (12)



Let /3'(;1: (t) be the vector of agent-state and action measures, i.e.,
P () = 22, (£)o2® (). Then, the dynamics of Algorithm 1
in the limit = — oo is
Zd o Z psﬁgé,Vn,s (13a)
0; evolves according to P® in (D), (13b)
Xo(t+1) = =3 (Xo(t) —13), (13¢)

7? is the optimal dual vector associated with (10b), (13d)

pdetu

where pgﬂf’ is the local state-transition probability from d to

s, for agent type n under global state 6, action u and scaling
factor ®. Note that given 6;, (13a) is deterministic even when
& is finite because of = — oo. However, for finite ®, the
stochasticity of #; still makes Z(¢) random (see (12)). Hence,
the evolution of 3® () is still random and cannot be described
by a deterministic differential equation.

Fortunately, such randomness can be averaged out by the
agent-time scaling as we let & — oo. Recall that our gent-
time scaling both slows down the agent-state evolution &(t)
by ® and shrinks time by 7 = ¢t/®. When ® = 1, define FYe

to be
[Zdesn Zu 0

FVC

In other words, FY°(&,6,X) is the right-hand-side of (13a)
minus the current &. To get rid of the dependency on 6,
note that as ® increases, each small time-interval A7 (after
shrinking) corresponds to a long interval ®Ar in the original
time. Thus, as ® — oo, the random global states seen in the
time-interval [7,7 + A7] will span the stationary distribution
of @ according to P®. Using this idea, we can then show that,
as ® — oo, the limiting dynamics of Algorithm 1 satisfies

45 dr = Ey [ﬁW(aw, 0, XOO)} :

PP =5 (e

15)

where the expectation is taken with respect to the stationary
distribution of the global state #. For detailed steps, please
refer to our technical report [25]. Hence, a fixed point &* for
the fluid-limit of Algorithm 1 must then satisfy

E, [FVC( O, )} —0. (16)
Further, from (13c), such a fixed point should satisfy M= p*
with 7* satisfies (13d).

Fluid limit of the relaxed problem: We next move to
the fluid-limit of the relaxed problem (5). Since the relaxed
problem (5) can be decomposed into the per-agent MDPs
(7), its solution is independent of =. Thus, we only need to
consider the limit as & — co. Similar to the fluid-limit analysis
of Algorithm 1, when ® — oo, the global state will evolve
much faster than the agent’s local state. Therefore, when we
write down the balance equation of each agent-type, we can
assume that the agent sees the stationary distribution of the
global state 6. Let c7,,, be the per-stage cost at state (s,8) of
agent n under action u. Define ;7 as the fraction of agents n
that are in type n and at state s in the fluid limit and denote

x., € [0,1] as the fraction of agents of type n that takes

action w according to the fluid-limit solution of (5). Define g
to be the stationary distribution of the global state 6. Then, we
can show that, as ¢ — oo, the fluid limit of (5) can be written
as the following optimization problem (detailed derivations are
available in [25]):

1
CsouTsoults 0

min (17a)
ol neN seS™ €O u=0

SLY D s Tept S Co/NVO €O, (17)
1

209, > 0 and Z Tog, = 1,0, 8,0, u, (17¢)

ZneN Doegn =1 (17d)

n n, nubd
= é 7 Zu:O d;:n ThoulgDisys, V1, s, (17e)
Note that by letting X[}, = x5y, 15 g (Which can be viewed
as the agent-state-and-action occupancy measure in the fluid
limit) and by replacing (17c) by Z}L 0 Xepy = My, (17) can
be easily converted into an LP.

Asymptotic optimality: Next, we wish to show that the
fixed point of Algorithm 1 and the solution to the relaxed
problem (5) coincide in our new fluid limit. Here we need one
additional assumption on the VC index. Denote Ig”t’(s, X,g)
as the VC index for the scaled relaxed problem with & — oo
and @ finite, which can be computed by (9) based on a version
of the relaxed problem (5) scaled by a finite ®. Similarly, at
® = +00, by decomposing (17) through Lagrange duality, we
can also derive a VC index for ® = +o00. Below, we make
an assumption that relates the VC index for finite ® and the
VC index for & = 400 (i.e., based on (17)), which will be
verified numerically later.

Assumption 3. I17°(s,X_g) = limg_00 I7% (s, X_g) exists
and equals to the VC index based on (17), for all n € N,
se€ 8" and 6 € ©.

With Assumption 3, we can then compare the fixed point
of Algorithm 1 with the solution of (17) at the fluid limit.
Specifically, from (13c), (13d) and (16), we can summarize
properties of the fixed point of Algorithm 1 at the fluid limit.
Then, we can show that, under Assumption 3 and by the VC
indexability for all ® € N, those properties imply the KKT
conditions of (17). We then obtain the following lemma.

Lemma 4. Suppose that both Assumption 3 and the VC
indexability as defined in Definition 1 hold. Then, any fixed
point of Algorithm 1 at the fluid-limit corresponds to a solution

of (17).

For the complete proof of Lemma 4, see [25]. From here,
it is then not hard to show that the relative performance gap
between our proposed VC index policy and the lower bound
(17) approaches zero at our fluid limit, under a global attractor
assumption similar to that of Whittle index [9]. See [25] for
detailed derivations.



V. A0l MINIMIZATION UNDER THE VARIABLE CAPACITY
SETTING

In this section, we return to the Aol minimization problem
(3). We will show that VC indexability holds for this problem
at every @, and as a result the VC index policy can be directly
used. Recall that a key difference from Whittle index is that
the global state 6; also changes in the per-agent MDP (7).
As a result, verifying VC indexability is more involved than
verifying Whittle indexability. Below, we first extend an Active
Time (AT) condition for Whittle indexability [22], [23] to
VC indexability, based on which we will establish the VC
indexability of our Aol problem.

Towards this end, in this section we will focus on the
discounted-cost version of the per-agent MDP (7), with a
discount factor 8 € (0,1). The AT condition is easier to define
under such a discounted-cost setting. Further, we can show that
if the AT condition for the discounted-cost version holds for
all B close to 1, the VC indexability for the average-cost MDP
(7) also holds [25].

We first generalize the AT condition to the VC indexability.
Define Q; (s,0,u) to be the state-action value function for the
discounted-cost version of (7) under dual costs X and policy
, from initial state (s, 6) and initial action u. Following [22],
[23], we have Ql“(s, 6,u) being a linear function on N ie.,

Q5(s,0,u) = Jrzﬁe

where CT7,(u ) does not depend on X only the second term
depends on ), and we refer to the factor

) SES ST 8110, = 0} 1w =1} (19)

as the v-active time. In other words, 77 (u,?) is the the
expected discounted total number of activations when 6, = ¢,
given the initial state (s, #), the initial action u and the policy
7. We can now introduce the AT condition for VC indexability.
Let IT' be a policy set containing all possible optimal policies.

Definition 5 (The AT condition). T7,(1,6) > T7(0,0) holds
Sor all initial state s € S, all 0 € © and all 7 € 1T

(u,MAg,  (18)

Theorem 6. Suppose that the AT condition in Definition 5
holds for all B close to 1. Then, the VC indexability holds.

The proof of Theorem 6 is similar to the proofs in [22],
[23] and is available in our technical report [25].

Remark 2. Readers familiar with our partial-index work in
[23], [24] may see similarity between the AT condition for
the VC index and that for the partial index, in the sense that
the global state 6 appears to play the role of different resources
n [23]. One difference, however, is that in Definition 5, the
same 6 appears both as the initial state and the state where
activations are counted. In contrast, for partial indexability,
the AT condition in [23] also requires counting the number of
activations of an action different from the initial action. Thus,
the AT condition in this paper is structurally different from
that in [23].

A. Proving the AT Condition for the Aol minimization Problem

Next, we fix ®, and show that the AT condition in Def. 5
holds. Given ®, the state evolution for the Aol of agent n is
as follows. Consider h; = h and 6; = 0. If u; = 1, we have

o1
hiy1 = { nx(h)  wp. 52 (20)
1 w.p. &.

If u; = 0, Aol will grow to nx(h) with probability 1/®.
The evolution of the global state 8; still follows (1). Similar
to [22]-[24], we can then show a threshold structure of the
optimal policy.

Lemma 7. For a fixed ®, all optimal policies ™ of (7) have
a threshold structure with respect to h, i.e., for each 6 we can
find a threshold Hy € {1, ..., h + 1} such that 7*(h,0) = 1 if
h > Hy and 7*(h,0) = 0 if h < Hp.

Let IT' be the set of threshold-type policies satisfying
Lemma 7. We can then show that the Aol minimization
problem satisfies the AT condition, and thus VC indexability
holds. For detailed proofs, see [25].

Theorem 8. Under any given ®, the variable-capacity Aol
minimization problem satisfies the AT condition.

VI. SIMULATION RESULTS

We use the following simulation setup for an Aol minimiza-
tion problem to evaluate our VC index policy. We consider
a system with N = 50. There are 5 groups of sources,
each group has 10 instances. The global state can vary in
the set © = {1,2,3}, where the corresponding capacity Cp
is {5,15,25}, respectively. We consider the following state-
transition matrix of 6:

0.8 0.05 0.15
0.35 0.1 0.55
03 05 0.2

P = (21)

We consider the max Aol of h = 30. For source groups 1
to 5, their transmission success probabilities under § = 1 are
given by a vector p* = [0.1,0.3,0.5,0.7,0.9]. For other 6 €
O, the transmission success probability vector is obtained by
circularly shifting ' to the right by # — 1 positions. The Aol
cost function is simply v(h) = h. To verify the asymptotic
optimality, we scale the system by positive integers = and ¢
as stated earlier.

VC Index Convergence at the Fluid Limit: We start with
verifying the convergence of the VC index as ® — oo, ie.,
Assumption 3. Figure 1 shows the VC index values for global
state # = 1 and different local states h of the source type
1 as the agent-time scaling factor ® increases. The dashed
line is the value of I§° for each state h based on the dual
decomposition of the fluid-limit relaxed problem (17). From
the figure, we can observe that the VC index I, g’ converges to
the VC index of (17), which verifies Assumption 3.

Equivalence of the Dual Costs: We next verify the con-
vergence of the dual costs, i.e., whether the dual costs of
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Figure 1: VC index values of different
states versus the agent-time scaling

factor ®. factors @ and =.

Algorithm 1 at the fluid limit equal to the dual costs of the
relaxed problem (17) at the fluid limit when =, & — oo. For
Algorithm 1, running it will produce the dual costs. For the
relaxed problem (17), we can find the optimal dual costs by a
super-gradient descent algorithm on its dual. We then compare
the average absolute difference (i.e., L1-norm divided by the
vector size) between the final convergent point of the dual
costs of our Algorithm 1 and the optimal dual costs of the
relaxed problem (17). Figure 2 shows this average absolute
difference as = and ® vary. From the figure, we can observe
that we need both large = and ® for the absolute difference to
be small. This confirms that only using the standard system-
size scaling (i.e., letting = — 00) is insufficient; our agent-time
scaling is also critical in order for the fixed point of Algorithm
1 to coincide with the solution of the relaxed problem. We note
that the average absolute difference between the dual costs is
about 1 when ® = 20, which matches with Figure 1 where the
difference between the VC index at & = 20 and the limiting
index at ® = oo is about that value.

Aol Performance Evaluation Next, we evaluate the aver-
age Aol performance of our proposed VC index policy. We
will evaluate Algorithm 1 with the following baselines.

o Max-Age policy. This policy will greedily activate agents
with highest Aol values.

o (Approximate) Whittle Index policy. We can compute an
approximate Whittle index based on the agent dynamics
with the global state averaged out. That is, the transmis-
sion success probability of each agent n is Eg[gj], with
the expectation taken over the steady-state distribution of
6. It turns out that this Whittle index equals to the limiting
VC index computed based on (17).

o Lower Bound. This baseline comes from the solution of
the relaxed problem (5), which serves as the lower bound.

In Figure 3, we fix & = 1 and vary =, and compare the
average Aol of the system under Algorithm 1 with that of the
baselines. From Figure 3, we observe that the average Aol of
all polices become closer to the Lower Bound as = increases.
However, even for large =, there is a noticeable gap between
the VC index and the lower bound, which suggests again
that only scaling = is insufficient for asymptotic optimality.

Figure 2: Average absolute difference
of the dual costs on different scaling

Figure 3: Average Aol of the system
under different policies, for ® = 1 and
different =.

Further, at = 1 we observe that both the Max-age policy and
the Whittle index policy are worse than the VC index policy by
roughly 20% and 10%, respectively, in terms of average Aol,
which suggests that the VC index policy is better at dealing
with changing capacity and global state dependency.

7
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Figure 4: Average Aol of the system under different policies,
for Z = 5 and different ®.

In Figure 4, we fix E = 5 and vary ®, and also compare
the average Aol of Algorithm 1 with that of the baselines.
The VC index policy performs consistently better than both
the Whittle index policy and the Max-age policy. Further, we
observe three points. First, all policies achieve better average
Aol as @ increase, which suggests that the randomness from
the global state and variable capacity is harmful to the overall
performance. Second, the performance of the VC index policy
converges quickly to that of lower bound as ® increases. This
matches with our asymptotic optimality results. Third, even
though the Whittle index policy performs closer to the VC
index policy as @ increases, there is a large gap between them.
Again, this is because the VC index policy handles the global
state variations better for finite ®.

Readers may question the practical meaning of our new
fluid limit with & — oo, as in practice we cannot slow down
the agent dynamics arbitrarily. We conjecture that & — oo
corresponds to the global state dynamics evolving fast. To
evaluate this conjecture, in Fig. 5 we evaluate how P® affects
the average Aol. Let I and 1 be the 3 x 3 identity matrix and
the matrix of all ones, respectively, and let P™! = 0.5(1 —I).
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Figure 5: Average Aol of the system under different P®.

We then repeat the above simulation while replacing P® in
(21) by I + (1 — 2)P™" for a varying x € [0,1). Note that
we will keep a fixed & = 1. Still, a lower x corresponds to
faster global state dynamics. From Figure 5, we observe that
the gap between the lower bound and the VC index policy
decreases when x approaches 0 (i.e., when the global state
evolves faster), which aligns with our conjecture. Interestingly,
we observe a similar trend when x approaches 1 (i.e., when
the global state evolves very slowly). This may suggest an
opposite direction of scaling, which we leaves for future
work. Across all x, we observe that the VC index policy
consistently outperforms the Whittle index policy, confirming
the advantage of our VC index in non-asymptotic regimes.

VII. CONCLUSION

In this paper we study the VC-RMAB problem where a
time-varying global state controls both the available capacity
and the agents’ state transitions. We propose new notions of
the VC indexability and VC index policy. We then intro-
duce a new fluid limit to establish the asymptotic optimality
of the VC index policy. We further generalize a sufficient
condition for Whittle indexability (the AT condition) to VC
indexability, based on which we establish the VC indexability
of the variable-capacity unreliable-channel Aol minimization
problems. For future work, we plan to establish the asymptotic
optimality for another direction of the scaling, i.e., slowing
down the global state evolution as suggested by Fig. 5.
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